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“Once men turned their thinking over to machines in the
hope that this would set them free. But that only permitted
other men with machines to enslave them.”

Frank Herbert, Dune (1965)



iv



Contents

1 Preliminaries

1.1 Index motation . . .. ... .. .. ... ... ... ... ...
1.2 Inner product and induced norm . . . . .. .. ... .......
1.3 Functionspace . . ... .. .. ... ...

1.3.1 Banachspace . . .. .. .. ... ... ... ... ... .

1.3.2 Hilbert space . . . . ... .. ..o
1.4 Differentiation . . . . . . .. ... ...
1.5 Imtegration by parts . . . . ... ... ... oL
1.6 Implicit function theorem . . . . .. .. ... ... .. ... ...
1.7 Weak form . . ... ... .. ...

2 Calculus of Variations

2.1 Functionals . . . . .. .. ...
2.2 Functional derivatives . . . . . .. ... ..o oL
2.3 Necessary and sufficient conditions for local extrema . . . . . . .
2.4 Euler equation . . ... .. .. ... ...
2.5 Canonical form of the Euler equations . . . . ... .. ... ...
2.6 Noether’s theorem . . .. ... ... .. ... .. .........
2.7 General variation of a functional . . . . . ... ... .. ... ..
2.8 Functionals depending on higher-order derivatives . . . .. ...
2.9 Lagrange multipliers . . . . . . .. ... ..o oL

2.9.1 Constrained finite-dimensional minimization problem . . .

2.9.2 Constrained variational problems . . . . . .. .. ... ..

3 Source Inversion

3.1 Inverse problem . . . . . . ... ... ... L.
3.2 Deblurring problem . . . . .. . ... oo
3.3 SVD-based approach . . . . . ... ... ... ... ... ...,
3.4 Tikhonov regularization . . . . ... ... ... ... .......
3.5 Regularization parameter choice . .. .. ... ... ... . ...

3.5.1 Discrepancy (Morozov) principle . . . ... ... ... ..

3.5.2 L-curve criterion . . . . .. ... oL
3.6 Image deblurring in two dimension . . . . . . ... .. ... ...

4 Parameter Field Inversion
4.1 Synopsis . . . ...
4.2 Elliptic problem . . . . . . . . .. ...
4.2.1 Problem definition . . . . .. .. ... ... ... ...

O© O Ut W NN ==



vi

CONTENTS

4.2.2 Lagrangian and necessary condition . . . ... ... ... 51
4.2.3 Gradient-based optimization and the adjoint method . . . 52
4.2.4 Step length criteria . . . . . . .. ... oL 54
4.2.5 Newton method . . ... ... ... ... . ........ 55

4.3 Hyperbolic problem . . . . . ... ... 0oL 58
4.4 Figenvalue problem . . . . . . ... ... L 0oL 60
Refinements 63
5.1 Partial observations and data filtering . . . . .. ... ... ... 63
5.1.1 Partial observations . . .. .. ... ... .. L. 63
5.1.2 Datafiltering . . . . . . .. ... oL 64

5.2 Discontinuous parameter fields . . . ... ... ... .. ..... 65
5.3 Bounded and discrete parameter fields . . . . ... ... ... .. 68
5.3.1 Logarithmic barrier functional . . ... .. ... ... .. 68

5.3.2 Nonlinear reparametrization . . . . . . . ... .. .. ... 69



Preface

This monograph is written for the course Introduction to Computational Method
for Inverse Problems offered in the Department of Civil, Urban and Environ-
mental Engineering at Seoul National University.

Inverse problems arise in nondestructive testing, imaging, system identifi-
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a governing partial differential equation. This framework connects directly to
modern machine learning, where neural network training is a large-scale instance
of parameter estimation.
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Chapter 1

Preliminaries

1.1 Index notation

We follow FEinstein notation and use regular font for both scalars and tensors,
whose types are to be inferred from context. For example, a vector v expressed
in terms of a basis g; is written as

v =1'g;. (1.1)

In most cases, we make no distinction between wvectors and covectors, as a
Cartesian basis is assumed unless stated otherwise. Accordingly, we also write
v = vlg; = v;g’ = v;g;. Similarly, the inner product between two geometric
vectors is given by

(a,b) :=a-b=a'b; = a;b;, (1.2)

where - denotes (single) contraction and () indicates complex conjugation of
the subtended quantity.

1.2 Inner product and induced norm

A set equipped with inner product is called an inner product space. An inner
product is a bilinear form (or a sesquilinear form for complex vectors) such that

(,):VxV=FE. (1.3)

Here F is either a real number R or a complex number C. Thus, an inner product
takes two vectors in )V and returns a scalar.

In addition, an inner product must satisfy the following properties [Oden
and Demkowicz, 2017]:

e Linearity with respect to the first argument

(au+ pv,w) = a(u,w) + f(v,w) VYo,B €F, Yu,v,w € V. (1.4)

e Conjugate symmetry

(u,v) = (v,u) Yu,v e V. (1.5)

1



2 CHAPTER 1. PRELIMINARIES

e Positive definiteness
(u,u) >0 Yu#0, uel. (1.6)
Note that an inner product is anti-linear with respect to the second argument,
ie.,
(u,av) =@ (u,v) Va el Yuvel. (1.7)
Orthogonality is defined such that
(u,v) = 0. (1.8)
Any inner product space is equipped with an induced norm such that

lu]] = v/ (u,w). (1.9)

Theorem 1.2.1 (Cauchy—Schwarz Inequality) Let (-,-) be an inner prod-
uct on a vector space V. Then, Yu,v € V,

[(u, 0)| < luf [|o]] - (1.10)
Equality holds when u and v are linearly dependent.
Triangle inequality can be proved from the Cauchy-Schwarz inequality as
||u—|—U||2 = (u+v,u+v)
= (uvu) + (uvv) + (U’u) + (’U,’U)
= (u,u) + 2Re{(u,v)} + (v, v)
2 2
< lull™ + 2|(w, 0)| + [|v]|
2 2
< lull” + 2wl ol + v
2
= (lull +[lol)”- (1.11)

Thus, we have |Ju + v| < |lu] + ||lv||.

1.3 Function space

1.3.1 Banach space
e Linear space: A set X is a linear space over a field F (typically R or C) if

its elements z,y, ... € X satisfy the following axioms under addition and
scalar multiplication by «, 3,... € F:
1. 4+ y =y + z (commutativity of addition);
2. (x+y)+z=a+ (y+ 2) (associativity of addition);
3. There exists a zero element 0 € X such that x +0 =z for all z € X
4

. For each z € X, there exists an additive inverse —x € X such that
x+ (—xz) =0;
5. 1-z =z for all z € X (scalar identity);
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6. a(fx) = (af)z (associativity of scalar multiplication);
7. (a4 B)x = ax + Pz (distributivity over scalar addition); and
8. a(x +y) = ar + ay (distributivity over vector addition).

e Normed linear space: A linear space X is said to be normed if each element
x € X is assigned a nonnegative real number ||z||, called the norm of =,
such that

1. |||l = 0 if and only if = 0 (positive definiteness);
2. |laz| = |af||z| for all « € F and & € X (absolute homogeneity); and
3. |z +y| <|lz|| + |lyl| for all z,y € X (triangle inequality).

e Banach space: A normed linear space X is said to be a Banach space if
it is complete with respect to its norm. That is, every Cauchy sequence

(z5,) in X converges to a limit € X such that lim, , ||z, — x| = 0. A Cauchy sequence is a se-
quence whose elements become

e OV space: A function u : Q — R belongs to C°(€) if it is continuous on arbitrarily close to each other
Q. ie as the sequence progresses.
’ ’ Namely, a sequence (zn) is

. Cauchy if for every £ > 0,
xligclo u(m) = u(aco), Vo € Q. (1'12) there exists N € N such that
lxm—zn|| < eforallm,n > N.

When equipped with the supremum norm,

l[ullco(e) = sup |u()], (1.13)
e

the space C°(Q) is a Banach space.

e C! space: A function u : Q — R belongs to C1(£2) if the function and all
its first-order partial derivatives are continuous on Q. The space C1(Q) is
a Banach space when equipped with the C' norm,

llullcr o) = llullco) + llgrad ul| co(q). (1.14)

Here, ||grad u||co) = sup,cq |gradu(x)|. Note that the gradient should
be understood in the strong (classical) sense.

e C¥ space: A function u : Q — R belongs to C*(Q) if all partial derivatives
up to order k are continuous.

e C™ space: A function u : Q — R belongs to C*°(Q) if all partial deriva-
tives of all orders are continuous. Such functions are called smooth or
infinitely differentiable.

1.3.2 Hilbert space

e Inner product space: A linear space X is said to be an inner product space
if each pair of elements z,y € X is assigned a scalar (z,y) € F, called the
inner product of x and y, such that

1. (z,x2) > 0 and (z,z) =0 if and only if x = 0 (positive definiteness);
2. (z,y) = (y,x) for all z,y € X (conjugate symmetry);
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3. (ax + By, z) = a(z,z) + B(y,z) for all o, € F and z,y,2z € X
(linearity in the first argument).

The inner product induces a norm via ||z|| = /(z, ).

e Hilbert space: An inner product space X is said to be a Hilbert space
if it is complete with respect to the norm induced by its inner product,
lz|| = /(x,2). Equivalently, a Hilbert space is a Banach space whose
norm derives from an inner product.

e L2 space: For a domain 2 C R”, the space L?(Q) is defined as
L*(Q) = {u:Q—)R(or (C):/ u|2dx<oo}. (1.15)
Q
The space L%(f2) is a Hilbert space equipped with the inner product

(u,v)Lz(Q):/u-ﬁdx (1.16)
Q

and induced norm
1/2
fullzncoy = flus e = ( [ uac) (1.17)

e Sobolev space of the first order:
HY(Q) = {u € L2(Q) : gradu e L2 (9)3}. (1.18)
The corresponding inner product is
(w, V) 1) = (w,v) + (grad u, grad v)

/uv—l—/gradu grad v (1.19)

and the induced norm is
||U||H1(Q) = (uau)Hl(Q)' (1.20)

Note that the gradient must be understood in the weak (distributional)
sense.

e Sobolev space of the k-th order:
H*(Q)={ueL?Q) : D*ue L*(Q), V|a| <k}. (1.21)

Here, D = 9l°l/ (021025 ... 828") denotes partial derivative of order
la] = a1 + as + ... + a,, in the weak sense.

e [ (div) space:

H (div, Q) = {u e L2(Q)® : divu e L2 (Q)} . (1.22)
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e H (curl) space:
H (curl, Q) = {u € L2(Q)° : curlu € L? (9)3}. (1.23)

Exercise 1.3.1 Let f(x) = C for some constant C # 0. Determine whether f
belongs to each of the following function spaces on ) = R:

1. C°(R) and C>=(R),
2. L*(R),
3. HE(R) for k > 1.

1.4 Differentiation

The directional derivative of a map u : X — R at a point € X in the direction
h € X is defined as

dpu(z) = lim u(@+eh) —u(z) .

e—0 €

(1.24)

This limit probes u along the single direction h and need not be linear in A in
general.

If the map h — djpu(z) is linear and bounded, then dju(z) is called the
Gateauz differential of u at x in the direction h, and we write

dpu(z) = du(z)[h]. (1.25)

Theorem 1.4.1 (Riesz Representation Theorem) Let H be a Hilbert space
with inner product (-,-)g. For every continuous linear functional ¢ : H — R,
there exists a unique element f € H such that

o(x)=(f,z)y, YxeH. (1.26)
Moreover, ||¢||g« = ||fllz. The element f is called the Riesz representation of
®.
The Riesz Representation Theorem guarantees the existence of a unique
element g € X such that
du(z)[h] = (g, h)y, VheX. (1.27)

This element g is called the gradient of u at x, denoted Vu(x) or grad u(x). It
is the unique Riesz representation of the Gateaux derivative du(z) [h] in X, and
depends on the choice of inner product on X.

Definition 1.4.1 (Weak Derivative) Let u € L?(2). A function v € L*()
is called the weak derivative of u with respect to x;, denoted v = Ou/0x;, if

0
.0 == (w52 ). WoeCF@). (1.30)
More generally, for a multi-index o = (o, ..., o) € Nj with |a] = o+ -+,
the weak derivative D®u is the function v € L?(Q) satisfying
(v, @) = (1) (u, D*¢), Vo € C5°(9), (1.31)

where (-, -) = (-, - )r2@)-

The function w is said to be
Fréchet differentiable if

u(z+h) —u(z) — dpu(x)

=o([lull), (1.28)
ie.,
lu(z + k) — u(z) — dpu()|
l|n]l—0 [l

=0. (1.29)

The functional dpu(z) is called
the Fréchet differential of u at
z.
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When u € C1(£2), the weak derivative coincides with the classical derivative,
so the weak derivative is an extension of classical differentiation to functions that
may not be pointwise differentiable. This extension is fundamental to Sobolev
space theory: the Sobolev space H*(f2) consists precisely of those functions in
L?(Q) whose weak derivatives up to order k also belong to L?(12).

Example 1.4.1 (Weak Derivative of the Absolute Value Function)
Consider u(z) = |z| on R. For any ¢ € C§°(R),

/O:O |z| ¢ (z) dx = /0 (—z) ¢/ (x) dz + /OO v ¢ (z) da

—o00 0

0 oo
= ool — [ oo + ol - / o(x) du

— 00

- [ st o) a, (132

where
-1, <0,
sgn(z) =<0, x=0, (1.33)
1, x> 0.

The boundary terms vanish because ¢ has compact support and the contri-
butions at x = 0 cancel. Thus, the weak derivative is v(x) = sgn(x).

Exercise 1.4.1 (Heaviside Step Function) Consider the Heaviside function
on R:

0, z<0,
H(z) = {1 2> 0 (1.34)

Find the weak derivative of the Heaviside step function.

1.5 Integration by parts

Integration by parts in one dimension reads

1 1
d—uv = [uv][l) —/ dv. (1.35)
0

o dx Yz

The multi-dimensional generalization of the above equation reads

ou / ov
—v = uon; — [ u—:-. 1.36
o 0! a0 o Oz (1.36)

In the above, Q € RY is the domain in N dimension and its boundary is
denoted by 092, and n; is the i-th component of the outward normal vector on
the boundary.
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Integration by parts for divergence and curl operators are (respectively)

/(divu)v:/ (u-n)v—/u-gradv and (1.37)
Q a0 Q

/curlE'F:/ (an)~F+/E~curlF. (1.38)
Q a0 Q

In the above, u, v, F/, and F are vector-valued functions and n is unit outward
normal vector. Integration by parts involves with the divergence of a two tensor,
A € RVXN reads

/Q(diVA)-v:/(9Q (An)-v—/QA:gradv, (1.39)

where : denotes double contraction such that A: B = A;;B".

1.6 Implicit function theorem

The Implicit Function Theorem is a fundamental result in nonlinear analysis
with wide-ranging applications, including the derivation of first-order optimality
conditions via Lagrange multipliers and sensitivity analysis of PDE-constrained
optimization problems. We state the theorem first in the finite-dimensional
setting and then in the general Banach space setting.

Theorem 1.6.1 (Implicit Function Theorem) Let U C R"™ x R™ be an
open set and let g : U — R™ be a C' function. Suppose there exists a point
(z0,y0) € U such that

9(zo,y0) = 0. (1.40)
If the partial Jacobian of g with respect to y, evaluated at (xo,yo), is non-

singular, i.e.,

det (%(xo,yo)> £0, i,j=1,2,....m, (1.41)
5‘yj

then there exist open neighborhoods B C R™ of xg and V. C R™ of yo, and a
unique C function ¢ : B — V such that p(x) = yo and

g(x,p(z)) =0, VzeB. (1.42)
Moreover, the Jacobian of ¢ is given by
De(x) = = [Dyg(w, o(x))] " Daglw, ¢(x)), V€ B, (1.43)

or equivalently in component form,

m

0Pi () = — S FpMa, o) 2% (4, o)), Va € B, (1.44)

al‘j 1 aa:j

where Fy; == 0g;/0y;.

Dyg(zo0,y0)

denotes the

Fréchet derivative of g with

respect to w,
(0, y0)-

evaluated at
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Example 1.6.1 (Unit Circle) Consider the unit circle defined implicitly
by

gla,y) =2 +y* —1=0. (1.45)

This is a classic example because the circle cannot be expressed as a single
global function y = @(x) over all of R, yet the implicit function theorem
(IF'T) guarantees a local function exists near any point where the hypotheses
are satisfied.

Here g : R> 5 R, son = 1 and m = 1 in Theorem 1.6.1. The partial
derivative with respect to y is

dg B
a—y(x,y) = 2y. (1.46)

The IFT applies at any point (xg,yo) on the circle where

0
a—j(xo,y@ = 20 #0, (1.47)

i.e., at any point except (£1,0).

Take the point (xo,y9) = (0,1). Since dg/dy = 2 # 0 there, the IFT
guarantees the existence of a neighborhood B C R of zp = 0 and a unique
C! function ¢ : B — R such that ¢(0) = 1 and

g(x,p(x)) =2+ p(x)> —1=0, VrcB. (1.48)

Explicitly, this function is the upper semicircle

o) =+v1—22 ze(-1,1). (1.49)

Similarly, near (zo, o) = (0, —1), the IFT gives the lower semicircle ¢(z) =
—V1— 22

The IFT formula gives the derivative of ¢:

¢ == | L) Fapw) == (150)

which for p(z) = /1 — 22 gives

, x
o' (x) i (1.51)
At 2y = 0, we obtain ¢’'(0) = 0, reflecting the horizontal tangent at the top
of the circle.
At the points (£1,0), the condition dg/dy # 0 fails and the IFT does
not apply. Indeed, the circle has a vertical tangent at these points and
cannot be expressed as a C! function of = near z = £1.
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The finite-dimensional theorem extends to Banach spaces, with the non-
singularity of the partial Jacobian replaced by the bounded invertibility of the
partial Fréchet derivative. This generalization is essential for applications to
PDE-constrained optimization, where the state variable lives in an infinite-
dimensional function space such as a Sobolev space.

Theorem 1.6.2 (Implicit Function Theorem in Banach Spaces) Let X,
Y, Z be Banach spaces, U C X xY open, and g : U — Z a C' map. Suppose
(z0,y0) € U satisfies g(xo,yo) = 0 and the partial Fréchet derivative

A:=Dyg(zo,y0): Y = Z (1.52)

18 a Banach space isomorphism, i.e., A is a bounded bijection with bounded
inverse A™Y : Z =Y. Then there exist open neighborhoods B C X of xy and
V CY of yo, and a unique C* map ¢ : B — V such that ©(z0) = yo,

g(z,p(x)) =0, Vz € B, (1.53)
and

Dy(w) = — [Dyg(w, o(x))] " Doglx, p()), Va € B. (1.54)

1.7 Weak form

Consider a model Poisson’s equation:

(S) %§+f=0 ze(0,1) (1.55)
u(0) =u(l) =0

The left-hand side of the governing equation vanishes for all € (0,1) when u
is a true solution. Thus, the governing equation gives a pointwise requirement
of the solution, and such formulation is called a strong form.

Alternatively, a weak form focuses on the definition of the 0 on the right-
hand side; like the left-hand side of the equation, 0 is a function, or a vector.
Specifically, the function 0 returns a number 0 when inner-producted with any
other function. Thus, we can equivalently write

/v (i}; + f) —0, W, (1.56)

which is identified as a weak form. Here, u is called a trial function and the
arbitrary function v is called a test function.
The above weak form becomes more useful when we take an integration by

parts:
d?u

dul? dv du

An isomorphism between two
Banach spaces is a bounded bi-
jective linear map whose in-
verse is also bounded.
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Here, the boundary term vanishes when the test function satisfies homogeneous
Dirichlet boundary conditions, i.e., v(0) = v(1) = 0. Then, we have

ueU

W) { b(u,v) =1(v), YweV (1.58)
In the above, the bilinear and linear forms are defined by
dv du
= drdr 1.
b(u,v) dr dr and (1.59)

I(v) = /vf. (1.60)

u and v may be elements of different function spaces U and V. However, in the
given model problem, we derived a symmetric, or Hermitian, bilinear form by
integration by parts, which allowed to use the same function space for both trial
and test functions:

U=V ={weH (0,1) : w(0)=w(l)=0}. (1.61)

The space H'(0,1) is chosen to ensure the bilinear form is integrable, i.e.,

du dv

where the Cauchy-Schwarz inequality gives

du dv
7y 1 S
()|

du
dx

dv
dx

. (1.63)



Chapter 2

Calculus of Variations

2.1 Functionals

A functional is a map J : V — R, where V is a function space. That is, a
functional is a function that takes functions as its arguments. If J satisfies
Jlau+ pv] = aJu] + BJ [v] for all u,v € V and scalars «, 8, it is called a
linear functional.

For example, consider the total potential energy functional J [w] of an Euler-
Bernoulli beam:

1 [ 2w\’ L
Jw] = 5/0 EI (de) dm—/o qudz, (2.1)
—_——
=U[w] =V{w]

where w is the deflection, ¢ is the distributed load, ET is the flexural rigidity,
and L is the beam length. Here, both the strain energy U [w] and the work done
by an external load V [w] are functionals, while V [w] is linear with respect to
w.

Definition 2.1.1 (Continuity) The functional J : V — R is said to be con-
tinuous at the point 4 € V if for any € > 0, there exists a § > 0 such that

| [u] = J[a]| <e, (2.2)
provided that
|lu — 4l < d. (2.3)

2.2 Functional derivatives

Let J [u] be a functional defined on some normed linear space, where its incre-
ment is defined as

AJ[h) = J[u+h] —J[u]. (2.4)

Note that for a fixed u, AJ is a (generally nonlinear) functional of h. Suppose
that the increment can be decomposed as

AJ[h] = @[] +ellh], (2.5)

11
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where @ [h] is a linear functional. If € — 0 as ||h|| — 0, the functional J [u] is
said to be differentiable. The linear functional ¢ [h] is called the variation (or
differential) of the functional J [u] and is denoted by djJ or é5J. To make the
base point explicit, we may also write d.J (u) [h] or dJ [u; h]; similarly, 6.J (u) [h]
or 8J [u; h].
In practice, the variation can be computed as a Gateaux differential:
J[u+ ev] — J [u] d

dyJ [u] = 21_{% p = %J [u + ev] . (2.6)
e=0

Example 2.2.1 (Uniqueness of the Differential) Prove that a differ-
entiable functional has a unique differential.

Suppose a differentiable functional J[u] admits two differentials such
that

AJ[h] =y [h] +e|[p]  and (2.7)
AJ[h] =2 [h] + e |, (2.8)

where €1, €2 — 0 as ||h|| = 0. Then, subtracting the two equations, we have
o1 [h] = @2 [h] = (€2 —e1) [|n]|. (2.9)

Set h = ho/n for a fixed nonzero hg. By linearity, we have

hol — h h
M (e — ) Il nOH’ (2.10)
which simplifies to
¢1 [ho] — 2 [ho] = (e2 — €1) [[hol| - (2.11)

Taking n — oo implies ||h|| — 0 so that €;,e3 — 0. Thus, the right-hand-
side of the equation vanishes, giving ¢; [ho] = 2 [ho]. Since hg is arbitrary,
we conclude ¢1 = @s.

The gradient g arising from the Riesz representation theorem, i.e.,
d,J [u] = (g,0) (2.12)

is called the functional derivative and is denoted by V.J, grad J or g—i.
A functional J: V — R is said to be twice differentiable at u € V if its
increment can be written in the form

AJ[h] = @1[h] + pa[h] + el| ||, (2.13)

where q[h] is a linear functional in h (i.e., the first variation), ¢o[h] is a
quadratic functional in h, and € — 0 as ||h|| — 0. The quadratic functional
9 is called the second variation (or second differential) and is denoted by

62J[u;h]  or equivalently d*J(u)[h]. (2.14)
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Example 2.2.2 (First and Second Variations) Consider the func-
tional J: C([a,b]) — R defined by

b
Ju] :/ F(z,u,u)dz, (2.15)

where F(z,u,v') = $(u')? + tu? is sufficiently smooth. Find its first and
second variations.

We compute the increment AJ[h] := Ju + h] — J[u] by expanding
F(z,u+ h,u’ + 1') in a Taylor series about (u,u’):

oF oF

F(z,u+h,u' +h)=F (z,u,u’) + %th Whl
1 ([ 0°F 0’F 0*F
= h? 42 hh' + ———n"
2 <6u8u * udu’ i ou' o’ )
TR (2.16)

Then, we have the first and the second variations as

b
AJ[H] :/ (th+ th’) do

ou o’
=¢p1[h]
1 (ro*F , _OPF  , O*F ,
+§/a <3u8uh +28u8u’hh +3u’3u/h )da:
=¢p2[h]
TR (2.17)

Here, OF /0u = u, OF/0u' = u', 8*F/0udu = 1, 9*F/0udu’ = 0, and
0?F/ou'0u’ = 1. Then, the first and second variations are

b b
dJ[u; h] = / (uh +u'h')dzx = / (u—u")hdzr and (2.18)

b
d*Ju; h] = %/ (R* + ") da. (2.19)

2.3 Necessary and sufficient conditions for local
extrema

Here, we define local extrema (i.e., minima and maxima) of a functional and
state the necessary and sufficient conditions for their existence.

Definition 2.3.1 (Extremum) Let J [u] be a differentiable functional. Then,
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J [u] is said to have a local extremum at @ if
AJ = J[u] — J [4] (2.20)
does not change its sign in some neighborhood of 4. J[4] 48 a minimum if

AJ >0 and ¢ maximum if AJ < 0.

We say J[u] has a weak extremum at u = @ if there exists € > 0 such that
AJ has constant sign for all u satisfying ||u — 4ljc: < e. We say J[u] has a
strong extremum at u = 4 if the neighborhood is defined by |ju — @]|co < €.

The above definitions use Banach spaces C1(2) and C°(£2). Alternatively,
for problems involving weak solutions of PDEs, we can define extrema in Hilbert
(Sobolev) spaces by replacing the neighborhoods with [lu — || g1(q) < € (weak
extremum) or ||u — i||z2(q) < € (strong extremum).

Theorem 2.3.1 (First-Order Necessary Condition for Extrema) A nec-
essary condition for a differentiable functional J[u] to have a local extremum at
w =10 is that its first variation vanishes at u = :

dJ(a)[h] =0, Vh, (2.21)
where h is any admissible direction.

Theorem 2.3.2 (Second-Order Necessary Condition for Extrema) Let
J[u] be a twice differentiable functional. A necessary condition for Jlu| to have
a local minimum at u = 4 is that

d?J(a)[h] >0, Vh, (2.22)
where h is any admissible direction. For a local maximum, d*J(@)[h] < 0.

Theorem 2.3.3 (Sufficient Condition for a Local Minimum) Let J[u| be
a twice differentiable functional, and suppose that the first-order necessary con-
dition

dJ(@)[h] =0, Vh, (2.23)
is satisfied. A sufficient condition for J[u] to have a local minimum at v = 4 is

that its second variation be strongly positive, i.e., there exists a constant o > 0
such that

d?J(a)[h] > a|lh|?, Vh. (2.24)

Since 4 satisfies the first-order necessary condition d.J [h] = 0 for all admis-
sible h, the increment of the functional can be written as

AJIR] = Jli+ h] — J[a] = d2J [h] + e(h) |12, (2.25)

where ¢(h) — 0 as ||h]] — 0. Suppose that the second variation is strongly
positive, i.e., there exists a constant o > 0 such that

d?J [h] > a||h||?,  Vh. (2.26)

Since €(h) — 0 as [|k]| — 0, there exists €; > 0 such that |e(h)| < 2o whenever
7]l < €1. It follows that, for all admissible h with 0 < ||h]| < €1,

AJ[R] = 2T [h] + e(h)||B]? > %aHhHQ > 0. (2.27)

Therefore, J[@ + h] > J[@] for all admissible h with 0 < ||h]| < €1, which
establishes that 4 is a strict local minimum.
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2.4 Euler equation

Let F(z,u,u’) be a function with continuous first and second derivatives with
respect to all of its arguments. Among all continuously differentiable functions
u defined on [a, b] satisfying the boundary conditions

u(a) = A and u(b) =B, (2.28)

we seek the function for which the functional
b
Ju] = / F(z,u,u)dz (2.29)

has a weak extremum.
Suppose we give u(z) an increment A(x). In order for the perturbed function
u + h to satisfy the boundary conditions, we require

h(a) =0 and h(b)=0. (2.30)
The corresponding increment of the functional is then
AJ =Ju+h] — Ju

b b
= / F(z,u+ h,v' + h)dz — / F(z,u,u)dz
ab a
= / [F(x,u+ h,u' +h') — F(z,u,u)] dx. (2.31)

Expanding the integrand by Taylor’s theorem yields

b
_ [P[oF,  oF
AJ—/@ |:auh+au/h:|dl'+ (232)

The leading term on the right-hand side is the principal linear part of the in-
crement AJ, which we identify as the first variation. A necessary condition for
the weak extremum is that this first variation vanish for all admissible h:

b
_troF, oF ],
th = /a |:auh+ au/h:| dx = 0. (233)

Integrating the second term by parts and using h(a) = h(b) = 0, we obtain

"[OoF d OF
th :/a |:8’u, — dxau/:| hdzx. (234)

Since h is an arbitrary continuously differentiable function vanishing at the
endpoints, we have

This is the Euler equation (also called the Euler-Lagrange equation).
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Theorem 2.4.1 (Euler Equation) Let J[u| be a functional of the form

b
:/ F(x,u,u)dz, (2.36)

defined on the set of functions u(x) having continuous first derivatives on [a, b]
and satisfying the boundary conditions u(a) = A and u(b) = B. A necessary
condition for J[u] to have a weak extremum at a given function u(z) is that u(z)
satisfy the Fuler equation:

A functional J[u] = f; Fdz is called autonomous if the integrand has the
form F' = F(u,u’), with no explicit dependence on z. Then, the Euler equation
admits a first integral known as the Beltrami identity:

0F

F - Ugg =6 €= const. (2.38)

This follows from the observation that, when the Euler equation is satisfied,

d OF OF d OF
D) (Y Ly

ou  dz ou
Example 2.4.1 (Minimal Surface of Revolution) Consider finding a
curve u(z) > 0 on the interval [a,b] that generates a surface of revolution
of minimal area when rotated about the x-azis, subject to the boundary con-
ditions u(a) = A > 0 and u(b) = B > 0. The minimization problem reads:

Find u ( ), x € [a, ], such that
u(a) = A, u(b) = (2.40)
J[u] = inf Ju]
where the admissible function space is
U= {we C'([a,b]) : w(a) = A, w(b) = B} (2.41)

and the cost functional is

b
Jw] = 27r/cwds = 27r/ wy/1+ (w')2dz. (2.42)

Here, ds = /1 + (w’)2dx denotes the arc length element and C is the curve
parameterized by x € [a,b].
The integrand F(w,w’) = 27mw+/1+ (w’)? is autonomous, where we
have the Beltrami identity:
, OF

F— = 2.4
wWo =6 (2.43)
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where ¢ is a constant. Computing
OF ! 2 )2
w'—— =2mw'’ - o _ 2muw) , (2.44)
dw VIFW)? I+ W)
the Beltrami identity yields
9 2
2rwy/1+ (w')? — mw(w) =c, (2.45)
1+ (w')?
which simplifies to
= /11 (W) (2.46)
21
Setting ¢ = 2mag for a positive constant ag, we have a general solution
(catenary)

u(x) = ag cosh < (2.47)

r — X
ap ’

where ag and z( are determined by the boundary conditions u(a) = A and
u(b) = B.

This problem models the shape of a soap film stretched between two
coaxial circular rings. When the constant 27 is replaced by the weight
per unit arc length pg, the functional becomes the gravitational potential
energy of a hanging cable, and the catenary solution then describes the
equilibrium shape of a chain or cable suspended under its own weight.

The Beltrami identity is the variational counterpart of energy conservation in
classical mechanics. For example, consider a mechanical system with generalized
coordinate ¢(t) and Lagrangian L(q,q) =T — V', where T is the kinetic energy
and V is the potential energy. The action functional is

Sla) = / " Lig.d)dr,

ty

(2.48)

and the Euler equation (i.e., Newton’s second law in generalized form) is
oL dor _
dq dt d¢
When the Lagrangian does not depend explicitly on time ¢ (i.e., 0L/0t = 0),
the Beltrami identity applied with ¢ as the independent variable gives

(2.49)

L (2.50)

— .7:—6,

where ¢ is a constant along solutions of (2.49). The Hamiltonian (total energy)
is defined as

L
H::qa—

—L
0q ’

(2.51)

For a mechanical system with
generalized coordinates ¢ =
(q1,.-.,9n) and generalized ve-
locities ¢ = (q1,...,Gn), the
Lagrangian L: R™ x R™ x R —
R is defined by

L(q,q,t) =T(q,4,t) — V(q,1t),

where T is the kinetic energy
and V is the potential energy
of the system.

The principle of stationary ac-
tion states that the equations
of motion are obtained by re-
quiring the action functional

sm=[3@mw

to be stationary (i.e., dS = 0),
not necessarily minimized.
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which is constant as suggested by (2.50). This is the conservation of energy:
the Hamiltonian H is constant along trajectories satisfying the Euler equation,
provided L has no explicit time dependence.

Example 2.4.2 (Conservation of Energy of a Moving Particle)
For a particle of mass m moving in one dimension under a potential V(q),
the Lagrangian is

L(q,4) = 3md* =V (q) - (2.52)
N—— R{/-/
=T =

Derive the conservation of energy.
Since L does not depend explicitly on time ¢, the system is autonomous
and the Beltrami identity guarantees the existence of a first integral. The

canonical momentum is
oL
= — = mg. 2.53
=g =M (2.53)

The Hamiltonian is

H =pg — L(q,q)
=mg-q— (3mi® — V(g))
=1mg® +V(q)
=T+V. (2.54)

The Beltrami identity states that H is constant along trajectories satisfying
the Euler equation, i.e.,

T +V = const, (2.55)

which is the classical conservation of mechanical energy.

2.5 Canonical form of the Euler equations

Consider a functional of several dependent variables wy, ug, ..., uy,:

n

b
Jlur, ug, ..y U] :/ F(z,uy,ug, ... U, ul,us,. .. ul,)de. (2.56)

The corresponding Euler equations are

oF 4 oF _
ou;  dxou

i=1,2,....,n, (2.57)

which form a system of n second-order ordinary differential equations for the un-
known functions w;(x). This system can be rewritten as 2n first-order equations
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by introducing new variables for wu!:

du; , dOF OF

=u;, —— = r=1,2,...,n. 2.58
dr " dg oul  Ou;’ TSl (2.58)
We define the canonical momenta p; as
oF
- =12, 2.59
DS g n (2.59)
Provided the map (uj,...,u,) + (p1,...,pn) is invertible, each u) can be ex-
pressed as a function of (z,u1,...,Un,P1,.-.,Dn)-

We introduce the Hamiltonian H(x,ui,...,Un,D1,---,Pn), defined via the
Legendre transform:

H:=Y pu,—F, (2.60)
=1

where each u; on the right-hand side is understood as a function of (x,u;,p;)
obtained by inverting (2.59). Together with the generalized coordinates w;, the
canonical momenta p; form the canonical variables

(T, Uty ey Uy Py ey D) - (2.61)
We now examine the differential of H to express the first-order system (2.58)
in terms of the canonical variables. Applying the product rule to (2.60) gives
dH = "p; duj+ Y _uj dp; — dF. (2.62)
i=1 i=1

Expanding dF by the chain rule yields
— / } , ,  OF B oF oF
dH = ;uz dp; + ;pz du; — ——dz > 5 du, ; o du).  (2.63)

Since p; = OF/0u}, the du) terms cancel, leaving

oF " OF =,
P+ § - dp;. 2.64
dH dz 2 u; du 2 u,; dp (2.64)

On the other hand, since H is regarded as a function of (x,u,,p;), its total
differential is

oH " OH " OH
dH = —d —du; —dp;. 2.65
ox x+;8uiu+;8pip ( )

Comparing coefficients of dz, du;, and dp; between (2.64) and (2.65), we obtain

OH OF 0H OF  OH
Ox oz’ Ou; ou;’ and Op; i (2.66)
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Substituting (2.66) into the first-order system (2.58) yields the canonical form
of the Euler equations (Hamilton’s equations):

du; OH dp; OH .
— = — — = ]_ 2 PR . 2'
dr  Op;’ dx ou;’ ! Sl (2.67)

Let us revisit the case of an autonomous problem, i.e., F' does not depend
explicitly on z, so that H likewise has no explicit z-dependence. Along an
extremal, the total derivative of H with respect to x is

dH 0H 2": <8H du; OH dpi>

dr ~ Oz + P Ou; dv  Op; dx

(2.68)

Since 0H/0x = 0 by hypothesis, substituting the canonical equations (2.67)
gives

dH 2”: (aH OH 0OH 8H)

E a P 8uz 8pi B 5‘pi 6’LLZ

= 0. (2.69)

Thus, the Hamiltonian is a first integral of the canonical system: H is constant
along every extremal of an autonomous problem.

The following definition restates the Hamiltonian in the standard language
of analytical mechanics:

Definition 2.5.1 (Hamiltonian via the Legendre Transform) Given a La-

grangian L(q, 4,t) with generalized coordinates ¢ = (q1,...,qn) and generalized
velocities ¢ = (41, ... ,qn), the canonical momenta are defined by
oL
;= , t=1,...,n. 2.70

Assuming the map ¢ — p is invertible, so that ¢; can be expressed as a function
of (q,p,t), the Hamiltonian H: R™ x R™ x R — R is defined by the Legendre
transform of L with respect to ¢:

n
H(Q7p7 t) = Zplqz - L(quat)7 (271)
i=1

where it is understood that all ¢; on the right-hand side are replaced by their
expressions in terms of (q,p,t).

The invertibility of the map ¢ — p requires

(9pi :| |: 82L :|
det — | = det — 0. 2.72
[3%‘ d4;0q; . (2.72)

When L = T —V with T a positive-definite quadratic form in ¢ and V' = V (g, t),
o’L  _ 9T
04;0q; ~— 04:9q;”’

the Hessian reduces to which is positive definite and hence non-

singular.
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2.6 Noether’s theorem

Consider a functional of the form

b
J [u] :/ F(z,u,v)dz, (2.73)

/

where u = (uy,...,u,) and v’ = (u},...,u),). Suppose the functional is invari-

ant under the one-parameter family of transformations

where € = 0 corresponds to the identity transformation z* = z, u} = ;. Invari-
ance means that for every admissible curve u;(z) and every ¢ in a neighborhood

of zero,
b b
* %k du* * du
/a* F <JU ,u ’dx*) dx —/a F <.13,11, dx) dz, (2.76)

where a* = ®(a,u(a);e) and b* = (b, u(b); ).

Theorem 2.6.1 (Noether’s theorem) If the functional J is invariant under
the one-parameter family of transformations

¥ =®(x,u;e), ul =9i(x,we), i=1,...,n, (2.77)

with ®(x,u;0) =z and V;(z,u;0) = u;, and uy,...,u, satisfy the Euler equa-
tions, then

%wi + (F — Zui?j) ¢ = const (2.78)

i=1

along each extremal of J[u], where the infinitesimal variations, or generators,
are

0P ov,
d(z,u,0’) = e » and ;(z,u,u’) = 9 |, (2.79)
In terms of the canonical variables, (2.78) reads
Zpﬂ/)i — H¢ = const. (2.80)

=1

Thus, Noether’s theorem establishes a link between symmetries and conserved
quantities.

The Beltrami identity is a special case of Noether’s theorem. Consider a
functional invariant under the following transformation

¥ =®(z,u5e) =x+€ and u* =Y(z,u;¢) =u, (2.81)
which implies translational symmetry with respect to x. Then, we have

¢=1 and o =0. (2.82)
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Thus, (2.80) yields
H = const. (2.83)

Thus, the total energy is conserved when the Hamiltonian represents the total
energy.
On the other hand, if F' is invariant under the transformation

' =®(z,u5e) =2 and u* =¥(z,u;e) =u+e, (2.84)
Noether’s theorem reduces to
p = const, (2.85)

which is identified as the conservation of momentum.

Example 2.6.1 (Conservation of Total Momentum) Consider two
particles with positions q1(t) and qa2(t) interacting through a potential that
depends only on their separation. The Lagrangian is

L(q1, g2, 1, d2) = 3madi + 3mad3 — V(g — q2). (2.86)

Derive the conservation of total momentum.

The potential V' depends on ¢; and ¢, only through the difference g1 —¢s.
Therefore the Lagrangian is invariant under simultaneous translation of
both coordinates:

t"=t, ¢ =q +e, and g5 =g +e. (2.87)
Then, we have
=0, Y =1, and ¢y = 1. (2.88)
Applying Noether’s theorem, we have
191 + p2tpa = const, (2.89)

which is the total linear momentum of the system. Note that neither indi-
vidual momentum p; nor ps is conserved.

Example 2.6.2 (Conservation of Angular Momentum) Consider a
particle of mass m moving freely in the (q1,q2)-plane. The Lagrangian is

L(41,d2) = 3m(¢F + ¢3)- (2.90)

Derive the conservation of angular momentum.
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The kinetic energy +m(¢? + ¢3) is invariant under rotations in the

(¢1,g2)-plane. Consider the one-parameter family of rotations
t* =1, g =qicose — qasine, and ¢; = g1 sine + g cose. (2.91)

Here, we have ¢;2 + 32 = ¢3 + ¢3; thus, L is unchanged. Then, we have

941 9g5
=0, 1 = = —q2, and o = —=|  =qi. 2.92
¢ Y=o » g2, and ¢ = - . a (2.92)
Applying Noether’s theorem, we have
p1 (—q2) + p2q1 = const, (2.93)

which is the angular momentum of the particle about the origin.

Example 2.6.3 (Free Relativistic Particle in (1 + 1) Dimensions)
In special relativity, the action J for a free particle of mass m moving in
one spatial dimension is proportional to the proper time elapsed along the
trajectory C':

J = —mc/ ds, (2.94)
c

where ¢ is the speed of light and ds = +/c2dt? — dx? is the infinitesimal
spacetime interval.

By factoring out dt and using coordinates (t,q) where t is the coordinate
time and q(t) is the spatial position, the action functional yields:

Jlq] = /: (—mc%/l - Zi) dt. (2.95)

The corresponding Lagrangian is:

L(§) = —mc*y /1 — = (2.96)

This Lagrangian possesses two symmetries: it is autonomous (independent
of t) and independent of q. Derive the associated conservation laws.

1. Spatial Symmetry: Since L does not depend on ¢, the Lagrangian is
invariant under t* = t, ¢* = ¢ + €. By Noether’s theorem, the conserved
quantity is:

L | E— (2.97)
IRV |

where 7 = (1 — ¢?/c?)~'/2 is the Lorentz factor. p is the relativistic mo-
mentum. In the limit ¢/c — 0, we recover p ~ mq.

23
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2. Temporal Symmetry: Since L does not depend on ¢, the Beltrami
identity gives the conserved Hamiltonian:

oL
H=¢2 L
i34
.2 .2
=4 +mc*y /1 — q—Q
NI i
2
S me? = E, (2.98)

Vi—gie

which is the relativistic total energy. In the low-velocity limit, E ~ mc? +
%m(f, where the Taylor expansion of the Lorentz factor about ¢ = 0 reads

o\ —1/2 .9
q 1q

2.7 General variation of a functional

We now derive the general variation of a functional, allowing simultaneous vari-
ation of the functions and the limits of integration. Consider a functional of the
form

Ju] = /xb F(z,u,v)dz, (2.100)

a

where u = (u1,ug,...,u,) and v = (u},uh,...,u),). For each function u;, we

’ U 'n
consider a varied function u}, and we simultaneously perturb the endpoints of
the integration interval. The distance between the original and varied configu-

rations is defined as
d(ui,uf) = max |u; — uj| + max [u; —u;"| + || A; — A7 || + || B; — Bf ||, (2.101)

where || - || denotes the Euclidean norm. The boundary points and their varied
counterparts are

i =(xq,uy), A7 = (x4 + 2o, uf +0uf) and (2.102)

A (3
B = (zp,ul), B = (xp + dap, ul + 6ub). (2.103)
Here, dz, and dz; are the variations of the endpoints of the interval, uf = w; (z4)
and u? = u; () are the functions evaluated at the end points, and du¢ and du?
are the corresponding variations of u; at the boundaries.
Let

h=u"—u (2.104)
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Then, the increment reads
AJ=J[u+h]— Ju]

zp+dzy Ty
:/ F(x,u+h,u'+h’)dx—/ F (z,u,u’)dz
To+0Tq Zq

Ty
:/ [F(z,u+h,u +1h") — F(z,u,v)|dz

a

Tp+dxy
+/ F(z,u+h,u +1h')dx

b

Tq+0Tq
- / F(xz,u+hu +1h')dz (2.105)

a

The Taylor expansion up to the linear term, i.e., retaining only first-order terms
relative to > ; d (u;,u}), we have

oo F F
AJN/ Z(S hi +g ,hl>d + Fly_y, 62y — Fl,_, 0z,
Ta =1
T, "1 OF d OF OF T=T
_/%ZZC% e )hda: > aah|
+ Flo—y, 000 — Fl,—y, 624 (2.106)

Similarly, h; at each boundary can be expressed as

hi (zq) ~o0u —u; (z,) 0z, and (2.107)
hi (zp) ~6ul — u (2p) Sy (2.108)
Then, plugging the above into (2.106) gives the general variation of the func-
tional J [u]:
o ” OF d OF
dJ = /:C (au2 T ) h;dx
n T=xp
oF , OF
+ ;a—u;éuiJr (F;uau,> ox ) (2.109)
In the above, 0z|,_, = dxy and du;l,_, = = oul, k= a,b.

Suppose the functional has an extremum for some curve u; joining the points
A; and B;. Then, the Euler equation is satisfied; thus, (2.109) becomes

n n T=Tp
dJ = lz %5% + (F -3 Zg > &g] (2.110)
i=1 ‘ =

i=1 =2,

or, in terms of the canonical variables,

n T=xp
dJ = [Zplﬂui — H(Sac] ) (2.111)

i=1 T=xq
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Note that Noether’s theorem is a special case of (2.111) when

d0r =e¢ and (2.112)
(5’U,i :Ell)i. (2113)

In the above, for small €, Taylor expansion gives

¥ = ®(x,u;e) = x + e P(x,u,v’) + o(e), (2.114)
u; =V, (z,u58) = u; + ei(x,u,u’) + o(e). (2.115)

From the assumption J[u] being invariant under the transformation, we have
dJ =0, ie.,

dJ =¢ [Zpiwi - H¢] =0 (2.116)
i=1 r—

T=xq

or

lz pivi — H¢1 =

i=1

> pityi — H¢1 : (2.117)

i=1
Here, the arbitrariness of z, and z; yields Noether’s theorem: > | pity;—H¢ =

const.

2.8 Functionals depending on higher-order deriva-
tives

We now consider finding an extremum of a functional depending on higher-order
derivatives, e.g.,

b
J [u] = / F (m,u,u’, . .,u(")> dz. (2.118)
The Taylor expansion of the corresponding the increment AJ[h] reads
AJ[h] =J[u+h)— J[u]

b
:/ [F (a:,u—l—h,u’—i—h',...,u(")—i—h(”)) —F(x,u,u’,...,u(”))} dx
a

b
:/ (thJrth’Jr...+ oF h(")>dx+.... (2.119)

ou ou’ Oum)

=:dJ[h]

We seek a stationary point where the first variation vanishes, i.e., dJ[h] = 0.
Applying integration by parts repeatedly yields

bY(OF  d OF n d* OF
dJ [h] = /a <(‘9u - %% + ...+ (—1) d:['”au(n)> hda?, (2120)
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where boundary terms vanish under appropriate boundary conditions on A and
its derivatives (e.g., h®)(a) = h®)(b) = 0 for k = 0,1,...,n — 1). From the
integration by parts

b
OF d OF W d OF
dJ[h]_/a (au—dmu,+...+(—1) WW) hda (2.121)

we have the Euler equation as

_OF d OF  d* OF n d* OF

9w drow Tazow T TV Gmaam
- d¥ OF
k
k=0

For example, the total potential energy functional for the Euler-Bernoulli
beam theory reads

L
J[w] = / F(z,w,w',w") dz, (2.123)
0

where

1
F (w0’ w") = S EI (")’ = qu. (2.124)

Here, w(x) is the transverse deflection, ET is the flexural rigidity, and ¢(x) is
the distributed transverse load. Then, the Euler equation

OF d OF d* OF

D et T 2.12
ow dzxrow = dx? ow” 0 ( 2
reduces to
d? d*w
— | E]l— ) =q. 2.12
dx? ( dacz) 1 (2.126)

Example 2.8.1 (Displacement reconstruction) Suppose acceleration
data aq(t) is measured over the time interval [0,T), together with known
displacements at the two endpoints u(0) = ug and u(T) = ur. Find the
displacement history u(t) whose second derivative best fits the acceleration
data in the least-squares sense.

The corresponding variational problem is

. 1 1 (0% 2
12fJ[u] = 5/0 <8t2 - ad> dt, (2.127)

subject to the boundary conditions

8%u 0%u

u(0) = up, u(T)=ur, @(O) =0, —(T)=0. (2.128)
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The conditions %(0) = %(T) = 0 express the assumption that the ac-
celeration vanishes at both endpoints, which is physically appropriate when

the motion begins and ends at rest under zero external forcing.

2
The integrand is F' = %(%272" — ad) , which depends on ?;T;‘ but on
neither u nor %. The Euler equation therefore reduces to
0% [(0%u
— | = — =0. 2.129
ot (&52 ad) (2.129)

Equation (2.129), together with the boundary conditions (2.128), has
the same structure as the simply supported Euler-Bernoulli beam under
distributed load and support settlements.

2.9 Lagrange multipliers
2.9.1 Constrained finite-dimensional minimization prob-
lem

Many optimization problems require the solution to satisfy one or more side
conditions. Here we consider the case in which every such subsidiary condition
takes the form of an equality constraint.

Let f : D — R be a real-valued C! function defined on an open set D C R",
and let

g:R*" = R™ m<mn, (2.130)

be a C'! map whose m component functions gi,..., g, define the equality con-
straints. The condition m < n ensures that the feasible set is not empty. The
constrained minimization problem then reads

min f(x). (2.131)
g9(z)=0

That is, we seek a minimizer within the subset of D defined by g(z) = 0.

Theorem 2.9.1 (Lagrange Multiplier) Let zo € D be a local minimizer of
problem (2.131), and suppose

rank (ggi(xo)> =m (2.132)

Lj
holds. Then there exists \g € R™ such that
df(l‘o)[h] + /\oﬂ‘dgi(l‘o)[h] =0, VheR™ (2133)

We call Ay the Lagrange multiplier.
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Since g : R® — R™ is C' and the Jacobian has full rank at x(, condi-
tion (2.132) guarantees that, after a possible relabeling of coordinates, the mxm
submatrix

9g; .
F;j = ay; (o), 4,j=1,...,m, (2.134)

is non-singular, i.e., det F' # 0. Here we have partitioned « = (y, z) with y € R™
and z € R*™™.

By the Implicit Function Theorem (Theorem 1.6.1), there exist a neighbor-
hood B C R"™™ of 25 and a unique C! map ¢ : B — R™ such that ¢(z0) = yo
and

9(p(2),2) =0, VzeB. (2.135)

The constraint surface is thereby parametrized locally by the free variables z,
and the constrained problem (2.131) reduces to the unconstrained problem

min f(2),  f(2) = f(p(2), 2). (2.136)

z€B

Since zg = (yo, 20) is a local minimizer of the constrained problem, zy is a local
minimizer of f. A necessary condition is

_of
0 —%(20)
_ O (0% of _ _
= on (z0) 97 (z0) + 9 (xo), I=1,...,n—m. (2.137)

Differentiating (2.135) with respect to z; and applying the chain rule gives

dg;
8Zl

0gi (wo)%

= L =1,... 2.1
8yk: aZl (l‘o) 07 ? ) U ( 38)

(20) +

which, by the non-singularity of dg;/Oyr = Fii, yields the IFT sensitivity for-
mula

agﬁk; -1 ag
s, (70) =i (20) a—zj(xo). (2.139)
Now define
0 _
Ao j = —aff(o:o)ijl(xo)- (2.140)
Yj

Substituting (2.139) into (2.137) gives

of -1 agj of -
Dur (z0)Fy; (20) 92 (zo) + 92 (z0) =0, (2.141)
=)o,
which, by (2.140), reads
of dg; _ _ B
e (o) + Ao,j B2 (xg)=0, I=1,...,n—m. (2.142)
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On the other hand, the definition (2.140) can be rewritten as

of 99,
= Xojr2(r0) =0, k=1,...,m. 2.143
ayk (330) + 0,5 ayk (.130) ) ) , M ( )
Combining (2.142) and (2.143) and recalling = = (y, z), we obtain
af g, .
9, (zo) + Xo,j axJZ (rg) =0, i=1,...,n, (2.144)

or equivalently df (zo)[h] + Aoidgi(x0)[h] = 0, Vh € R".
Now, define the Lagrangian

L(z, \) = f(z) + Xigi(), (2.145)

where A = (\1,...,A\n)? € R™ are the Lagrange multipliers. The first-order op-
timality conditions (2.133) and the constraints are then equivalent to requiring
that L be stationary with respect to all of its arguments:

oL 0 0g; .

%($0, /\0) = an(l'o) + )\07]' 8:% (.130) = 0, 1= 1, ey, (2.146)

oL )

W(:EO, )\0) = gj(l'()) = 07 J = 1, e, (2147)
J

Equation (2.146) reproduces the Lagrange multiplier condition (2.133), and
equation (2.147) recovers the original constraints. The Lagrangian therefore
replaces the constrained minimization problem (2.131) by the problem of find-
ing a stationary point of L over R™ x R™.

Note that an alternative sign convention defines the Lagrangian as

Llw, 1) = f(w) — pigi(a), (2.148)
where p; are the Lagrange multipliers. The two conventions are related by
1 = —X and yield the same minimizer xq; only the sign of the multiplier changes.

Example 2.9.1 (Closest point on a line) Find the point on the line
x1 + w2 = 1 closest to the origin, i.e.,

min f(z) = z? + 23, g(x) =xz1+ 22— 1=0. (2.149)

The Lagrangian is
L(z,\) = 2% + 22 + My + 22 — 1). (2.150)

Setting the partial derivatives to zero gives three equations in three un-
knowns (1,22, A):

oL

— =2 A=0 2.151

axl xl + ) ( )

oL

— =2 A=0 2.152

81'2 T2 + ) ( )
L

9 =x1+x9—1=0. (2153)

EX
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From (2.151) and (2.152), z; = x9 = —A/2. Substituting into (2.153):
A o = La=(LY). sy
For fixed A, the Hessian of L with respect to (z,y) is

s (20
V(w)L—<O 2). (2.155)

Thus, L is strictly convex in the primal variables for every A.
Substituting z(\) = y(A\) = —A\/2 into L, we have

g(A) =1inf L(z,y,A\) = L (=3,—%,})

e 2072
A2 AA
=2 . — 4+ A -==—==1
r (22
)\2
=—— -\ 2.1
. (2.156)
Since ¢g”’(A) = —1 < 0, the dual function is strictly concave.

2.9.2 Constrained variational problems

We now extend the Lagrange multiplier method from finite-dimensional opti-
mization to the variational setting, in which the objective is a functional and
the constraint is imposed through another functional.

Theorem 2.9.2 (Lagrange multiplier for the isoperimetric problem) Let

the objective functional be

b
Ju] :/ F(x,u,u)dz, (2.157)
where the admissible functions satisfy the boundary conditions
u(a)=A and u(b)=B (2.158)

and the isoperimetric constraint
b
Klu) = / G(z,u,u)dx = ¢, (2.159)

with 1 a prescribed constant. Suppose J[u] attains an extremum at an admissible
function u* subject to (2.159), and that u* is not an extremal of K[u]. Then
there exists a constant A such that u* is an extremal of the augmented functional

L] = /b (F + A\G) da. (2.160)

That is, u* satisfies the Fuler equation

OF d oF A(@G d 8G>

ou drow M0 T dmow ) =0 (2.161)
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The general solution of (2.161) contains two arbitrary constants of integra-
tion together with the multiplier \. These three unknowns are determined by
the two boundary conditions (2.158) and the subsidiary condition (2.159).

Example 2.9.2 (Catenary prolem with fixed length) A chain of
uniform linear mass density p and prescribed arc length ¢ hangs under
gravity g between two supports at (0,yo) and (L,y1). Find the equilibrium
shape by minimizing the gravitational potential energy subject to the
arc-length constra int.

The potential energy of the chain is

L
Iy =/ pgy\/1 +y?dz, (2.162)
0

and the arc-length constraint is

Cly] = /OL V1+y2de = ¢, (2.163)

with boundary conditions y(0) = yo and y(L) = y;.
Introducing a Lagrange multiplier A for the arc-length constraint, the
augmented functional is

L
Ly, A\ = /0 (pgy + NV 1+ y2dx. (2.164)

The integrand F(y,y’) = (pgy + A\)y/1 + 3’2 depends on y and ¢’ but not
explicitly on . Then, the Beltrami identity gives

,OF y
F=ygy = oyt WWI+y? = (pgy + A —==s = 1. (2169)

Combining over a common denominator yields

A
LA _ (2.166)
/1 + y12
Define a := ¢1/(pg) and b := —\/(pg). Then (2.166) becomes
—-b
A — (2.167)
/1 +y/2

The above equation has a general solution of

y(z) = acosh (z a“) +0, (2.168)

The three constants a, b, and xy are determined by the two boundary
conditions y(0) = yo, y(L) = y1, and the isoperimetric constraint C[y] = £.
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Next, consider a constraint imposed pointwise rather than in integral form.

Theorem 2.9.3 (Finite Subsidiary Conditions) Let the objective be

b
J[ul,ug]:/ F(x,uy,ug,uy,ul)dz, (2.169)

where the admissible functions satisfy the boundary conditions

ul(a) = Al, Ul(b) = Bl,
UQ(CL) = AQ, UQ(b) = BQ, (2170)

and the pointwise constraint
g(z,u1,u2) = 0. (2.171)
Suppose J[u,us] has an extremum at the functions
up =ur(x) and uz = us(x), (2.172)
and that 8g/0u; and dg/dus do not vanish simultaneously at any point of (2.171).

Then there exists a function A(x) such that (2.172) is an extremal of the aug-
mented functional

b
L{uy, us) ::/ (F 4 \z)g) dz. (2.173)

That is, the extremal satisfies the Euler equations

OF |\ 09 dOF _

duy ouy  dxou)
OF 09 dOF _

(2.174)

Ous Oug  dx Oul n

(2.175)

The condition that dg/0u; and dg/dus do not vanish simultaneously is the
analogue of the constraint qualification (2.132) in the finite-dimensional setting.
If both partial derivatives were to vanish at some point z = zq, the constraint
g(zo, u1,uz) = 0 would be insensitive to variations in u; and wus at that point,
and the multiplier A(zg) would be undetermined. More precisely, the constraint
surface g = 0 defines ug as a function of (z,u;) (or u; as a function of (z,us))
locally by the Implicit Function Theorem, provided at least one of dg/du; or
0g/Ousy is nonzero. When both vanish, the constraint surface has a singular
point and the reduction to an unconstrained problem breaks down.

Exercise 2.9.1 (Support settlement) The principle of minimum potential
energy implies that the solution to a simple beam problem is the minimizer of
the following problem:

. 1 [FdPw  d*w L
min M, M[w]:§/0 WEI@dxf/o wqdz. (2.176)
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Here, q is an external load and w is an admissible function satisfying boundary
conditions:

w(0) =w(L)=0 and (2.177)
d2 2
Elﬁw(()) = Elww(L) = 0. (2.178)

Now, consider a case when there is an additional support at x = L/2 with
a settlement A € R downward. Then, the above minimization problem can be
augmented by a Lagrange multiplier, where the Lagrangian L reads

LiN\w] = M[w] — B[\ ], ED@J:AALécr—;ﬁw+AMx(ZN%

Here, A € R is called a Lagrange multiplier and o (Jc — %) 18 Dirac delta. The

necessary conditions for the solution to the above problem are
0 =dyL [\, w] ()\)

L
= — 5\/ 0 (x - S) [w+ Alde, Y\ and (2.180)
0

0 =dyL M w] (@)

L g2 ~ 2 L L
d*w  d*w _ LY\ _ .

In the above, we have two equations, (2.180) and (2.181), and two unknowns:
w and \. w and A are the arbitrary directions or test functions.

(a) The strong form of the condition (2.180) is obtained by simply removing
the dependency of A, i.e.,

w <§> +A=0. (2.182)

Perform integration by parts on the condition (2.181) to obtain the strong

form:
2 2
d [Eldzﬂ}:q—&—)\é(x—L), z e (0,L)

dx? dx? 2
w(0) =w(L)=0 . (2.183)
d? d?

(b) Thus, the original problem reduces to solving (2.183) subject to (2.182).
Interpret the conditions (2.182) and (2.183) in the framework of analyz-
ing statically indeterminate structures via linear superposition of primary
structures. Fxplain the physical meaning of .

(¢) Determine X for the case g = 0.



Chapter 3

Source Inversion

3.1 Inverse problem

In this chapter, we consider an image deblurring problem as an illustrative ex-
ample of an inverse problem. Although the forward operator is not a partial
differential equation, the problem shares the essential features of typical inverse
problems: ill-posedness, the need for regularization, and the challenge of pa-
rameter selection. The presentation follows [Ghattas, 2015] and [Vogel, 2002]
closely.

Consider the following abstract problem:

d= Kp. (3.1)

Here, K is an operator mapping p to d, and typically represents a physical
process, often expressed as a differential equation. The variable d denotes the
data, measurements, or observables. We classify the associated problems as
follows:

e Forward problem: given K and p, find d.

e Inverse problem, Type A: given K and d, find p
(e.g., seismic inversion, deblurring problem, and control problem).

e Inverse problem, Type B: given p and d, find K
(e.g., imaging, system identification, and design problem).

In the inverse problem of Type A, p is the unknown to be reconstructed and
is called the parameter field; it is typically a function or, after discretization,
a finite-dimensional vector. If the inverse operator K ! exists and is readily
available, the problem reduces to p = K ~'d, which is simply a forward solve
and is not the focus of these notes. The inverse problems of interest are ill-posed,
meaning that at least one of the following conditions of well-posedness, due to
Hadamard, fails:

e FEzistence: for all data d, there exists a parameter p satisfying d = Kp.

e Uniqueness: for all data d, the solution p is unique.

35



Fourier transform of a Gaus-
sian k(x) is another Gaussian:

Fk (w)
1 o W
= oz /700 k(z)e'“*dx

()
=vexp | — ,
Y exp D)

where k(z) = exp [—22/(2v2)].
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o Stability (continuous dependence on data): small perturbations in d re-
sult in small perturbations in p. Specifically, let p and ¢ be parameters
corresponding to data d and f, respectively, i.e., d = Kp and f = Kgq.
Stability requires the existence of a constant C' > 0 such that

Ip = gll« < Clld = £l (3-2)

3.2 Deblurring problem

As a model problem, we begin with image deblurring in one dimension. Let
p: [0,1] — R denote the unknown (true) image and d: [0, 1] — R the observed,
blurred, and noisy data. The forward model is a Fredholm integral equation of
the first kind,

d(z) = (Kp)(x) 4 n(z)

= /0 k(z — 2" )p(z") da’ + n(x), x €[0,1], (3.3)

where n denotes additive measurement noise and the convolution kernel £ is the
Gaussian

k(z) = C exp (-“‘j) . Cy>0. (3.4)

The parameter - controls the strength of blur: a larger v yields a wider kernel,
so each output value averages p over a broader neighborhood. Equivalently,
the action of K can be examined in the frequency domain. Since the Fourier
transform of a Gaussian with standard deviation v is a Gaussian with standard
deviation 1/, a larger v narrows the transform of k in frequency, thereby at-
tenuating high-frequency components of p more aggressively. The operator K
thus acts as a low-pass filter, and v governs the cutoff (Figure 3.1).

(@) (b)

14 14
=
QO 0
= =
Gl 3
= g

0 T T 0 T T
0 1 3 0 1 3
z/y wy

Figure 3.1: (a) Gaussian k(z) = Cexp [—2?/(27?)] and (b) its Fourier transform
Fk (w) = Cyexp [—7y2w?/2].

Next, we examine which of the three well-posedness conditions fails for the
deblurring problem (3.3). The key structural property of the forward operator
K is compactness.
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Definition 3.2.1 (Compact operator) Let X and Y be Banach spaces. A
bounded linear operator K: X — Y is compact if every bounded sequence
{pn} C X has a subsequence whose image under K converges in' Y. Equiv-
alently, K maps bounded sets in X to precompact sets in Y .

Namely, the range space of K is smaller than the Y.
A standard class of compact operators is provided by integral operators with
square-integrable kernels.

Definition 3.2.2 (Hilbert-Schmidt operator) Let k € L?((0,1) x (0,1)).
The integral operator

1
(Kp)(z) = / k(z,2")p(x") dz’ (3.5)
0
is called a Hilbert-Schmidt operator. Every Hilbert-Schmidt operator is compact
from L2(0,1) to L?(0,1).

Since the Gaussian kernel (3.26) is smooth and bounded on [0, 1] x [0, 1],
it belongs to L2((0,1) x (0,1)), and thus K in (3.3) is a compact operator on
L?(0,1).

Lemma 3.2.1 (Riemann-Lebesgue) Let f € L'(R). Then its Fourier trans-
form vanishes at infinity:

flw) = /_OO f(x)e ™% dx — 0 as |w| — oo. (3.6)

Now, we check the well-posedness of the given operator K:

e Existence: Since K is compact, its range R(K) is not closed in L2(0,1).
Consequently, there exist data d € L2(0,1) for which Kp = d has no
solution; existence fails in general.

e Uniqueness: The Gaussian kernel (3.26) is strictly positive, and K is in-
jective on L%(0,1), i.e., N(K) = {0}. Hence, if a solution exists, it is
unique; uniqueness holds.

e Stability: Consider a perturbed problem K (p + dp) = d + dd, where Jp is
the high-frequency perturbation

dp(x) = esin(wx), e>0, w=1-2m2 27,3 -2m,.... (3.7

The corresponding perturbation in the data is
1
dd(x) = 5/ k(z — ) sin(wa’) dz’. (3.8)
0

By the Riemann-Lebesgue lemma (Lemma 3.2.1), ||dd|| 2 — 0 as w — oo,
while ||0p||z2 = &/+/2 remains fixed. Therefore,

[16p]] 2
1642

as w — 00, (3.9

and no finite constant C' can satisfy the stability condition. Arbitrarily
small perturbations in the data thus correspond to arbitrarily large errors
in the recovered parameter.
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For numerical purposes, we discretize the problem d = Kp+ntod = Kp+n,
where d,p,n € RV, K € RV*¥ "and

(i—j)*h?

Kij = hC’eXp <— 272

), 1<i,j<N. (3.10)

Here, h = 1/N is the mesh spacing, obtained by partitioning [0,1] into N
uniform subintervals and applying the midpoint quadrature rule to the inte-

gral (3.3). Figure 3.2 illustrates the action of the Gaussian convolution operator
K.

(a) (b)

d=Kp

z/L z/L

Figure 3.2: Gaussian blur with C' = 1/(yv2x), v = 0.04. (a) Original image.
(b) Blurred image.

Note that the discretized problem is stable; however, the stability constant
grows as N increases. Equivalently, K becomes increasingly ill-conditioned as
N — 00, so that a small noise vector n can result in large errors in the recovered
p- In this sense, the ill-posedness of the original infinite-dimensional problem is
reflected in the ill-conditioning of its finite-dimensional discretization, with the
condition number of K growing without bound as N — oo.

Definition 3.2.3 (Condition number) Let K € RY*YN be g nonsingular ma-
triz. The condition number of K is defined as

K(K) = K[ K, (3.11)

where || - || denotes a matriz norm. When the spectral norm ||K||2 = omax(K)
is used, the condition number takes the form

Umax(K)

KQ(K) - Umin(K) ’

(3.12)

where Tmax and opin are the largest and smallest singular values of K, respec-
tively. A matriz with large k(K) is called ill-conditioned.

This instability has a natural interpretation: the Gaussian kernel acts as a
low-pass filter, attenuating high-frequency components of p at a rate controlled
by 7 in (3.26). Inversion requires amplifying these attenuated components,
which amplifies noise catastrophically.
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Definition 3.2.4 (Singular Value Decomposition) Let F denote either R
or C, and let K € F™*™ with p :== min{m,n}. There exist unitary matrices

U=[uy,...,u,] € F™*™m, V =[vy,...,v,] € FP*" (3.13)

and a rectangular diagonal matric ¥ = diag(o1,...,0p) € R™ " with 01 >
o9 > - >0p >0, such that

p
K=USV' =Y ouv|. (3.14)

=1

The o; are the singular values of K; the columns u; and v; are the left and right
singular vectors, respectively. When F = R, unitarity reduces to orthogonality
and ()T reduces to (-)T.

Unlike the eigendecomposition, which requires K to be square and may yield
complex eigenvalues even for real matrices, the SVD exists for any K € F™m*"
and its singular values are always real and nonnegative. For a symmetric positive
definite (SPD) matrix K € R™*", the eigenvalues are real and positive, the
SVD coincides with the eigendecomposition, and o; = A;, U = V. The discrete
convolution matrix (3.10) is SPD, so these simplifications apply throughout.

The SVD also reveals the four fundamental subspaces of K. Let r < p denote
the rank of K, and partition

2, 0
U=[U, U], V=[V, Vi z_{o O}, (3.15)
where U, = [uy,...,u,;], Ug = [Wy1,...,uy], V. = [vq,...,v,], Vg =

[Vii1,---,Va], and X, = diag(oy,...,0,) € R"™*". Then K = U, X, V], and
the four fundamental subspaces are

R(K) = col(U,) C F™, N(K) = col(Vy) C F”,
R(K') = col(V,) C F", N(K') = col(Up) c F™. (3.16)

The columns of U form an orthonormal basis for F" and the columns of V form
an orthonormal basis for F". The action of K is completely characterized: it
maps v; — o;u; for ¢ < r and annihilates v; for ¢ > r.

In the context of the deblurring problem, K € R¥*¥ is SPD and hence
invertible, so r = N, U = V, and the null space is trivial; however, the singular
vectors v; associated with small o; correspond to high-frequency modes that
are nearly annihilated by K, making their recovery from noisy data unreliable.
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3.3 SVD-based approach

Since the discrete convolution matrix K is SPD, the SVD coincides with the
eigendecomposition and U = V. The naive solution to the inverse problem is

p=K!d
=Ux 'U’d

N
= Z Ui_l (uZTd) u;
i=1
N
= Ptrue T Z 0;1 (u?n) u;. (3.17)
i=1

The last equation shows that the noise contribution ul n is amplified by o; L

Since the singular values decay rapidly (Figure 3.3), the high-frequency compo-
nents of n, which correspond to small o;, are amplified catastrophically, render-
ing the naive inversion unstable.

The remedy is to suppress the contributions from small singular values. The
truncated singular value decomposition (TSVD) replaces the exact inverse by
the filtered expansion

N
pP= Z QrsvD (0‘3) 0‘;1 (ude) u;, (3.18)
i=1

where the filter function Qrgyp is defined by

1, o2 > a,

. (3.19)
0, otherwise,

Qrsvp (0?) = {

and « > 0 is the regularization parameter controlling the truncation threshold.
Terms corresponding to 0? < « are discarded, eliminating the catastrophic
amplification of high-frequency noise at the cost of losing the corresponding

signal components.

(@) (b)

1.0 —_—n=2
—-———n==6

N /\\ /,\\

5 0.5 N /\\ FAY

0 N ;

1 1 A}

\ 1 \ 1 \
. \ / \ / \ 7
00 T T .;." T 1 \\II \\/ \/I

0 10 20 30 40
n

Figure 3.3: Singular value decomposition of K. (a) Singular values. (b) Selected
singular vectors.



3.4. TIKHONOV REGULARIZATION 41

3.4 Tikhonov regularization

Alternatively, the inverse problem can be formulated as an optimization prob-
lem. Given the noisy data d°P® := Kpgue + n, find p such that

. 1 .
min J(p) = 3 ||Kp - dObth + % ||p||27 (3.20)
P

where a > 0 is the regularization parameter and || - || denotes the L?(0, 1) norm,

1
lal|* = (a,a) == /0 a(z)? dx. (3.21)

The first term penalizes the data misfit. The second term is called Tikhonov
regularization, which penalizes the L? norm of p, with « controlling the trade-off
between fidelity to the data and regularity of the reconstruction.

The minimizer is characterized by the stationary point condition DJ(p)[p] =
0 for all p € L?(0,1). Since p is arbitrary, the Euler equation reads

(K'K + o) p = K1d°™, (3.22)

where KT is the L2-adjoint of K, defined by (Kp,q) = (p, K'q) for all p,q €

L?(0,1), and 7 is the identity operator. Since K is compact and Z is not, the

operator KK 4 aZ is boundedly invertible for any o > 0; this is precisely the

regularizing effect of the Tikhonov term. For the convolution operator (3.3) with

the symmetric Gaussian kernel k(z) = k(—z), K is self-adjoint, i.e., KT = K.
Discretizing the Euler equation and solving for p gives

(K'K + oI) p = KTd*™, ic, p=(K'K+al)  K'd™  (3.23)

Substituting the SVD K = UX U7 (valid since K is SPD) and using UTU =1,
we obtain

p = (US?U” + oUUT) " USU Q>

U(S? +ol) " SUT@

0;
0?4+«

Il
.MZ

(u?d‘)bs) u;. (3.24)

i=1

This is equivalent to the filtered expansion (3.18) with the Tikhonov filter func-
tion

0.2

QTIK (02) = m, (325)

which satisfies Qrii(0?) — 1 as 02 > a and Qrik(0?) — 0 as 02 < «, and thus
smoothly attenuates the contributions from small singular values. An important
practical advantage of Tikhonov regularization over TSVD is that the solution p
can be computed without explicit knowledge of the SVD of K, since the discrete
Euler equation is a linear system that can be solved by standard methods.
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Exercise 3.4.1 Show that the Gaussian blur

1
Kp(x) :/ k(x — 2" )p(z")dx', where
0
22
k(x) =Cexp (_272> , C,y>0 (3.26)

is self-adjoint.

3.5 Regularization parameter choice

The choice of « is critical: too small a value yields an unstable reconstruction,
while too large a value suppresses signal and degrades accuracy. We discuss a
posteriori strategies for selecting a, both of which require solving the regularized
problem over a sequence of parameter values.

Let p, denote the filtered solution, either by TSVD or Tikhonov regular-
ization, with regularization parameter «, and let K, denote the corresponding
filtered blur operator such that

N
K.'d:=p, = Z Qo (0?) o7 (u]'d) w,. (3.27)
i=1

The reconstruction error is defined as

€q ‘= Pa — Ptrue

= Kgl(Kptrue + 1) — Ptrue; (3.28)

and is decomposed into a truncation error e?*""¢ and a noise amplification error

noise.
e, :

e, = etrunc + enoisc (329)

(e} bl
where

etrune . (K;lK — I) Ptrue

N
= Z (QO‘ (012) - 1) (uzrptruc) u;, (330)

N
=2 Qul0f) 0" (uin) ui (3.31)

We show that both errors converge to zero as the noise level
d = |n|| (3.32)

goes to zero, for an appropriate choice of a.
For both TSVD and Tikhonov regularization,

Qa(0®) 21 as a—0, (3.33)
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which immediately implies
led || =0 as a—0. (3.34)

For the noise amplification error, define the noise amplification factor A, (o) ==
Qa(0?) o1 We claim that

Au(o) < (3.35)

5=

for all ¢ > 0 and a > 0.

e TSVD. If 0% < a, then Q,(c?) = 0 and the bound holds trivially. If
02 > a, then Q,(0?) =1 and o > /a, so

Aplo) =01 < —. (3.36)

5=

e Tikhonov. We seek the supremum of A, (c) = o/(c?+a) over o > 0. The
stationarity condition reads

2 _ 9.2 _ 2
dA, _ (0% +a)—20 _a—o 0, (3.37)
do (02 + a)? (02 + a)?

yielding the unique critical point ¢* = y/a, which is a global maximum.
Evaluating,

Aoy =Yoo 1 1

=5y = WaSTa (3.38)
Applying this bound and the orthonormality of U, we obtain
noise 1§ T g
||lencse|| < NG ; (u/n)u;|| = NG (3.39)
Thus, for a = 6P with 0 < p < 2,
|eno™e|l =0 as & —0. (3.40)

Combining both estimates, the choice @ = 0P with 0 < p < 2 guarantees
llea|| = 0 as § — 0.

3.5.1 Discrepancy (Morozov) principle

The discrepancy principle selects the largest « such that the data misfit does
not exceed the noise level § := ||n||. Defining M (a) := ||Kp. — d||, the criterion
requires

M(a) < 6. (3.41)

Thus, the above criterion avoids overfitting, i.e., fitting the noise rather than
the signal.
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We can show that for Tikhonov regularization such an a always exists, pro-
vided § < ||d|. Using the eigendecomposition K = UXU7'| one obtains

o+«

N 2
Kp, —d=)Y_ ( % _ 1) (uld) w, (3.42)
i=1

and by orthonormality of U,

M2(a)—i§;< o 1)2(ude)2. (3.43)

e

This expression shows that M is continuous and monotonically increasing in
a, with M(0) = 0 and M(a) — ||d|| as @ — oo. Hence, provided §||d||, the
intermediate value theorem guarantees the existence of o such that M(a) = 4.

3.5.2 L-curve criterion

The L-curve criterion requires no knowledge of the noise level §. For each «
in a prescribed sequence, one solves for p, and plots ||Kp, — d|| against ||pa||
on a log-log scale. The resulting curve is typically L-shaped, and the selected
a corresponds to the point of maximum curvature. This choice balances data
fidelity against solution stability: for @ below the optimal value, the data misfit
decreases only marginally while ||p|| grows substantially; for a above it, ||pa||
decreases only marginally while the misfit increases substantially.

Figure 3.4 shows a deblurring example using Tikhonov regularization with
varying «. Both the discrepancy principle and the L-curve criterion suggest
a ~ 1072, which yields a reasonable reconstruction (panel (g)). For oo = 1073,
the regularization is too weak and the reconstruction is dominated by noise
amplification (panel (e)). Regularization with a = 10° over-smooths the recon-
struction (panel (h)).
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Figure 3.4: Deblurring example. (a) Original image. (b) Blurred image with
noise. (c¢) Discrepancy plot. (d) L-curve plot. (e) Deblurred image with o =
1.0 x 1073, (f) Deblurred image with a = 1.0 x 1072. (g) Deblurred image with
a=1.0x 1071, (h) Deblurred image with o = 1.0 x 10°.

3.6 Image deblurring in two dimension

Consider a 2D image of standard definition, i.e., N x N, = 720 x 480 pixels,
giving N = NN, = 345,600 unknowns. The 2D blurring operator K is an
N x N matrix with N2 ~ 1.19 x 10!! entries. At 8 bytes per entry (64-bit
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floating point), explicit storage requires
8 x N? ~ 8 x 1.19 x 10" ~ 9.5 x 10! bytes ~ 953 GB, (3.44)

which is infeasible on standard hardware. Moreover, solving the Tikhonov nor-
mal equations

(K"K +oI)p=K'd (3.45)

via Gaussian elimination requires O(N?3) floating point operations. For N =
345,600, this amounts to

N3 2 4.13 x 10'° flops, (3.46)

which is computationally intractable. Both difficulties are resolved by exploiting
the separable structure of the 2D Gaussian kernel: the action of K on a vector
can be computed as successive 1D convolutions in the z- and y-directions. This
enables the use of iterative solvers such as the conjugate gradient method, which
requires only matrix-vector operation.

The conjugate gradient method solves the symmetric positive definite system

Ap =b, A =KTK + al, b:=K'd, (3.47)

iteratively without forming A explicitly. Starting from an initial guess p(®,
each iteration requires one matrix-vector product with A. The algorithm is as
follows [Quarteroni et al., 2006]:

Algorithm 1 Conjugate gradient method for Ax =b

1: Set initial value x(©)
2: (0 :=b - Ax© > initial residual
3. p0 == (0 > initial search direction
4: for k=0,1,2,... do

]2
5: alk) = — > step length

(p(k)) Ap(k)
6: xkHD) = x (k) 4 oK) p(k) > update iterate
7: rF+D) = p(F) — (k) Ap(K) > update residual
8: if e+ < e |r®|| then
9: break > convergence criterion
10: end if
D2 N :

11: ) = 1 > direction update coefficient

k)2
12: ptD) = plkt+1) _ g(E) (k) > update search direction
13: end for

14: return x*+1

Figures 3.5 illustrates two-dimensional image deblurring. The original im-
age is convolved with a Gaussian kernel and contaminated with additive noise.
Tikhonov regularization recovers the essential features of the original image.
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(a) ®) (@

Figure 3.5: Two-dimensional image deblurring with a binary image. (a) Original
image (Northern cardinal silhouette). (b) Blurred and noised image. (c) Re-
constructed image via Tikhonov regularization.
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Chapter 4

Parameter Field Inversion

4.1 Synopsis

We are interested in recovering system parameter fields from given input and
output data, i.e., a parameter field inversion. As a representative example, we
consider an inverse medium problem, in which we seek the spatial distribution
of material properties, such as the Lamé parameters, mass density, thermal
conductivity, or dielectric permittivity, of a physical system from boundary or
interior measurements of its response.

Problems of this type arise across a wide range of disciplines. In geophysics,
seismic waveform inversion recovers the elastic moduli and density of subsurface
formations from surface recordings of reflected and refracted waves. In medical
imaging, electrical impedance tomography seeks the conductivity distribution of
biological tissue from boundary voltage measurements. In structural engineer-
ing, non-destructive evaluation identifies damage or material degradation in
load-bearing components by inverting vibration or guided-wave measurements
for the local stiffness field.

Despite the diversity of the underlying physics, each of these problems shares
the similar mathematical structure. The inverse problem is formulated as a
minimization of a misfit functional, which quantifies the discrepancy between
the measured data and the response predicted from a trial parameter field. The
state field must satisfy a governing partial differential equation (PDE), which
enters the formulation as a constraint enforced through a Lagrange multiplier.
The resulting problem is therefore classified as a PDE-constrained optimization
problem.

As in the previous example of image deblurring, the inverse medium problem
requires the solution of a nonlinear optimization problem that, at best, exploits
gradient information. Computing the derivative of the misfit functional with
respect to the parameter field is therefore central to any practical inversion
algorithm. Four broad strategies are available.

e Direct sensitivity method. One differentiates the governing equation
with respect to the parameter field to obtain a sensitivity equation whose
solution yields the required gradient analytically.

¢ Finite differencing. Each component of the gradient is approximated by
perturbing the corresponding parameter entry and re-solving the forward

49
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problem. The implementation is straightforward, but the cost again scales
with the parameter dimension and the approximation is susceptible to
truncation and round-off errors.

e Adjoint method. An adjoint equation, derived from the optimality con-
ditions of the Lagrangian, is solved once to obtain the gradient with re-
spect to the entire parameter field. The computational cost is therefore
independent of the parameter dimension, making the adjoint method the
workhorse of large-scale PDE-constrained optimization.

e Automatic differentiation. The chain rule is applied systematically to
the discrete computational graph of the forward solver. In reverse mode,
automatic differentiation produces gradients at a cost comparable to that
of the adjoint method, although with larger memory overhead; it may be
viewed as an algorithmic implementation of the adjoint principle applied
at the discrete level.

In the deblurring problem, the forward operator was a linear convolution
and the misfit functional was quadratic in the unknown image; the gradient
was therefore available in closed form by direct differentiation. For the PDE-
governed problems treated in the remainder of this chapter, the parameter di-
mension is large and the forward map is defined only implicitly through the
solution of a differential equation. We accordingly develop the adjoint method
in detail.

4.2 Elliptic problem

4.2.1 Problem definition

We begin the discussion with a simple model elliptic problem. Given measured
data ug and a source term f, find the parameter field p by solving
1

ngnJ [u,p], J[u,p] = 3 (u—ug,u —uq) + % (grad p, grad p), (4.1)

=M]u] =R|[p]
subject to the governing equation and the boundary condition

div (pgradu) + f =0 in Q,
u=0 on I'p, (4.2)
pgradu-n =0 on 'y

where I'p UT'y = 99 and the parameter field p belongs to the admissible set

W:={peH (Q) :p>p,>0inQ}. (4.3)

Here, the functional M [u] is called the misfit functional and R [p] is the regu-
larization on the parameter field p. Specifically, we use the first-order Tikhonov
regularization:

R[p| = % (grad p, grad p) = % / |grad p|* d92, (4.4)
Q
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which penalizes oscillations in p while leaving the mean value unpenalized: the
null space of grad consists of constant functions, so spatially uniform shifts
incur no cost.

4.2.2 Lagrangian and necessary condition

We enforce the governing equation as a constraint using a Lagrange multiplier
(also called adjoint variable) v, which yields the Lagrangian functional

Lu,v,p] = M [u] + R[p] + E [u,v,p] . (4.5)
The constraint F [u, v, p] is the weak form of (4.2) tested against v,
E [u,v,p] = (pgradu, gradv) — (f,v). (4.6)
Here, we have a symmetric functional setting for u € U and v € V such that
U=V={ueH" (Q) : u=0onlp}. (4.7)

The first-order necessary conditions (KKT conditions) require that the vari-
ations of the Lagrangian with respect to all three fields vanish:

dyL[u,v,p] (2) =0, VaeU, (4.8a)
4L u,0,p) () =0, VjeW. (4.8D)
dyLu,v,p] (0) =0, VoeV, (4.8¢)

The third necessary condition (4.8¢c) leads to the constraint, or the state
problem:

0 = (pgradu, grad ) — (f,0). (4.9)

The first necessary condition (4.8a) gives the adjoint problem:

0= (a,u—uq)+ (pgrad a, grad v) . (4.10)
The bilinear form (pgradu, gradv) is symmetric in » and v, so the state and
adjoint operators coincide. Notice that the adjoint problem is driven by the
misfit © — ug: if the state field were to match the data exactly, the right-
hand side would vanish and the adjoint variable would be trivially zero. The
corresponding strong form, i.e., the Euler equation, reads

div (pgradv) +u —ug =0 in Q,

v=0 on I'p, (4.11)

pgradv-n =20 on ['y.

Lastly, the second necessary condition (4.8b) gives the control problem:

0 = a(grad p, grad p) + (pgrad u, gradv) . (4.12)



52 CHAPTER 4. PARAMETER FIELD INVERSION

4.2.3 Gradient-based optimization and the adjoint method

The three necessary conditions are coupled and, once discretized, form a system
that is too large to store and factorize directly. We therefore adopt an iterative
algorithm to find the optimal p starting from an initial guess p(®). At each
iteration, the current estimate p(¥) is updated by

p*FD = p#) 4 5q®) (4.13)

where d(®) is the search direction and s is the step length. Several choices for

the search direction are available: setting d*) to the negative gradient yields

the steepest descent method; incorporating information from previous gradient

gives the nonlinear conjugate gradient method; and retaining a limited history

of gradients leads to the L-BFGS method. All of these methods require the

gradient of the objective functional J with respect to the parameter field p.
The gradient can be approximated numerically by finite differencing, i.e.,

J....,p+ep) = J[...,D]

dpdl....p)(B) ~ : . (4.14)

In addition to the choice of a suitably small €, this computation is problematic
because it requires N + 1 functional evaluations for N degrees of freedom in p.
Alternatively, the adjoint method obtains the gradient by a sequential evaluation
of the KKT conditions. Given a current estimate p®), the gradient ¢(®) is
obtained as follows.

1. Solve the state problem for u(*):

0= (p(k)grad u® | grad f)) —(f,0), YoeV. (4.15)

2. Solve the adjoint problem for v(*):

0= (p(k)gradﬂ, gradv(k)) + (ﬂ,u(k) — ud) , Vael. (4.16)

3. Evaluate the gradient equation for ¢(*):

(g(k),ﬁ) =« (grad]ﬁ, gradp(k)) + (ﬁgrad u® | grad v(k)) , VpeW.
(4.17)

Notice that the right-hand side of (4.17) is in general nonzero away from the
optimum; it vanishes precisely when the KKT conditions (4.8) are satisfied.
Strictly speaking, the right-hand side defines a linear functional on W i.e., an
element of the dual space W*. The function ¢'*) € W is its Riesz representation
with respect to the L? inner product, i.e.,

{ g*) = —adivgrad p® + gradu® - gradv®, z € Q

P =0orgradp®) =0, xzel. (4.18)

Upon finite element discretization, this amounts to solving a mass-matrix system
Mg#) = r(¥)  where r*) is the assembled right-hand-side vector.

Overall, the adjoint method computes the gradient at a cost independent of
the parameter dimension, and the resulting expressions are exact at the contin-
uous level; approximation enters only through the finite element discretization
of the function spaces.
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Algorithm 2 Steepest descent method

1: Choose initial guess p(®) € W and tolerance € > 0
2. Compute gradient direction g(®) via (4.17)
3: for k=0,1,2,... do

4: if Hg(k)H < ¢ then

5: break > convergence
6: end if

7. dR) = —gh) > search direction
8: Determine step length s*) > 0

9: pEHD) = pF) 4 g(k) q(k) > update parameter field
10: Compute gradient direction g*+t1) via (4.17)

11: end for

12: return p(k)

Algorithm 3 Nonlinear conjugate gradient method

1: Choose initial guess p(® € W and tolerance ¢ > 0

2: Compute gradient direction ¢(*) via (4.17)

3. d©) = —¢0 > initial search direction
4: for k=0,1,2,... do

5 if ||g(k)|| < ¢ then
6 break > convergence
7 end if
8 Determine step length s*) > 0
9: ptD) = pk) 4 (k) q(k) > update parameter field
10: Compute gradient direction g(*+1) via (4.17)

(g(k-‘rl), g(k+1))
11: gt = = 7 J > Fletcher—Reeves

(g(k), g(k))

12: Akt = —gk+1) 4 glk+1) g(k) > update search direction
13: end for

14: return p(k)
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4.2.4 Step length criteria

The gradient determines the search direction, but the step length remains to be
chosen. Given a descent direction d®), a line search secks a step length s > 0
such that the update p*+1) = p(*) 4 sd*) produces a sufficient decrease in the
objective. A naive choice such as exact minimization,

s = arg m>18 Jp™ + sd™), (4.19)

is generally impractical for PDE-constrained problems because each evaluation
of J requires the solution of the state equation. Instead, one enforces inexact
line search conditions that guarantee global convergence while requiring only a
modest number of functional evaluations per iteration.

Figure 4.1 illustrates the effect of the step length on convergence. A near-
optimal step length yields monotone decrease toward the minimizer, whereas an
excessively large step length overshoots, causing the iterates to oscillate about
the solution.

(@ (b)

EDOO—O0—> 5—0 S—O—>
s (@) (1) () A B @) 0

Figure 4.1: Effect of step length on steepest descent. (a) Near-optimal step
length: the iterates converge monotonically. (b) Excessively large step length:
the iterates overshoot and oscillate.

Armijo condition (sufficient decrease of objective)

The step length s satisfies the Armijo condition if
Jp™ + sd®) < Jp®] + ¢15 (g(k),d(k)) ) (4.20)

where c; € (0,1) is a tolerance parameter (typically ¢; = 10~%). The right-hand
side is the first-order Taylor expansion of J along d*), scaled by ¢;; the condition
requires the actual reduction to be at least a fraction ¢; of the predicted linear
decrease.

The Armijo condition alone does not prevent s from being arbitrarily small.
In practice, one combines it with a backtracking strategy [Quarteroni et al.,
2006]: starting from an initial trial step 3, the step is repeatedly contracted by
a factor p € (0,1),

S < ps, (4.21)
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until (4.20) is satisfied (See Algorithm 4). Each backtracking step requires one
evaluation of J, and hence one solve of the state equation. The backtracking
Armijo method is simple, inexpensive per trial step, and widely used in PDE-
constrained optimization.

Algorithm 4 Backtracking line search (Armijo)

Require: Descent direction d*), current objective value J*) = J [p(k)], direc-
tional derivative § :== (g®),d®) <0
Require: Parameters § > 0 (initial step), p € (0,1) (contraction factor), ¢; €
(0,1) (sufficient decrease parameter)
s:=3§
while J[p¥) + sd®)] > J*) 4 ¢;56 do
s = ps > contract step length
end while
return s

Wolfe conditions (sufficient decrease of objective and its slope)

The Wolfe conditions augment (4.20) with a curvature condition that prevents
the accepted step from being too short:

T[p™ + sd®] < TpM] + e1s (g(k), d(k)) ; (4.22)

(g(k+1)’d(k)) > ¢ (Q(m’d(k)) 7 (4.23)

where 0 < ¢; < ¢o < 1 (typical choices: ¢; = 1074, ¢ = 0.9 for Newton
and quasi-Newton methods, co = 0.1 for nonlinear conjugate gradient). The
curvature condition (4.23) requires the directional derivative at the new iterate
to be less negative than at the current iterate, ensuring that the step is not
accepted in a region where the objective is still steeply decreasing. A more
restrictive variant, the strong Wolfe condition, replaces (4.23) with

‘(g(’““),d(k))‘ <e }(g(k),d““))‘ , (4.24)

which additionally excludes points where the directional derivative is large and
positive.

4.2.5 Newton method

Gradient-based algorithms, such as descent methods, approximate a functional
by a linear model at each iteration around the current iterate. The resulting
linear model determines a descent direction but not a step length, since a linear
functional is unbounded below along any descent direction. Consequently, a
separate line-search or step-length selection procedure is required.

In contrast, Newton’s method approximates the functional by a quadratic
model at each iteration (Figure 4.2). Under appropriate conditions, this quadratic
model admits a unique minimizer that is analytically computable, yielding both
the search direction and the step length simultaneously.
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Figure 4.2: Comparison of steepest descent and Newton’s method. (a) Steepest
descent provides only a search direction; the step length must be determined by a
separate line search. (b) Newton’s method determines both the search direction
and a natural step length from the local quadratic model of the objective.

Constructing such a quadratic model requires both the first and second
derivatives of the functional. Suppose the stationary condition for a minimiza-
tion problem is

dpJ[pl(p) =0, Vp. (4.25)

Given a current iterate p*), we seek an update p such that p**tD = p(E) 4 p.
Linearizing the stationary condition about p*) via a first-order Taylor expansion
yields

0 = dpJ[p™ + 5](5)
~ dpJ[p™)(p) + dp T p™1(5. 5). VP (4.26)
Thus, the update p, which encodes both the search direction and the step length,
is obtained by solving the above linear problem.

We now apply the approach in the KKT condition (4.8). Letting [...] denote
[u, v, p], we have

0=dy,L[..] (@) + duduL[..] (@, @) + dpdu L [...] (@) + dudo L[.. ] (@, 9), (4.27a)
0=dpL[..](P) + dudpL[...] (5, 0) + dpdp L [...] (5, ) + dudpL[...] (5,8), (4.27b)
0=dyL[..](®) +dudoL[..] (@) +dpdyL[...] (3,p) + duduL[...] (5,8). (4.27¢)
For the model problem, the above equations read (V = grad)
i, a® + (ﬁ““’Vﬁ, Vv(k>) + (p®va, vi®) = — (p®va, Vo) — (a,u® —uq),
5V, vo®) +a (V5,VEN)  + (57u®, Vi) = —a (V5 VpM) — (5Vul), o)) |
pMVa®, Vi) + (pvul), va) =~ (»vu), v5) + (£,5).
(4.28)

Removing the dependence on the test functions u, p, v, the above system can
be written as
F At Bt (k) Gu
A D Ot [p® ] =gy ] (4.29)
B C 0 (k) o
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We would never attempt to store and factorize the matrix in (4.29). Instead,
we solve the state and adjoint problems sequentially so that, for a given p(¥),
we find «®) and v*) satisfying g, = g, = 0. The first and last block rows can
then be condensed out, since:

Bu® = —cp®), (4.30)
Bo® = — o) — ATpR), (4.31)
Substituting into the second block row yields the reduced Newton system
Hp™ = —g,, (4.32)
where
H=D+C'B™T (FB~'C — A") — AB™'C. (4.33)

The action of the reduced Hessian on a trial direction p(¥) is therefore computed
sequentially as follows.

1. Solve the incremental state problem for 4(*):

Bu®) = —cp®). (4.34)

2. Solve the incremental adjoint problem for o(*):
Bto®) = —pa®) — Atpk), (4.35)

3. Evaluate the reduced Hessian action:

Hp® = Aa® 4 Dp™ + O, (4.36)

The Newton method requires the reduced Hessian H to be positive definite,
which is not guaranteed away from the solution. Two strategies are commonly
used to address this difficulty.

The first is the Gauss-Newton method, in which the second-order adjoint
terms involving A and A" are dropped from H. The resulting approximation

HSN =D+ B TFB~'C (4.37)

is symmetric positive definite by construction, so the conjugate gradient (CG)
method can always be applied. The trade-off is that quadratic convergence is
lost; Gauss—Newton converges superlinearly or linearly, depending on the size
of the residual at the solution.

The second is the truncated Newton method, in which one solves the full
Newton system with CG but terminates early if a direction of non-positive cur-
vature is encountered, i.e., if d" Hd < 0 for some CG iterate d. The truncated
step is then used within a trust-region framework to ensure global convergence.
This approach retains the full Hessian information when it is beneficial and ef-
fortlessly degrades to a gradient or Gauss-Newton-like step when H is indefinite.

Algorithm 5 summarizes the truncated Newton-CG procedure for solving
the discretized reduced Hessian system Hp = —g;,.

In practice, both the Gauss—Newton and truncated Newton methods are
combined with a backtracking line search using an initial step length of 1, since
neither method solves the Newton system exactly.
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Algorithm 5 Truncated Newton-CG method for Hp = —g,

1

2:

3
4

9:

10:
11:
12:
13:
14:

15:

16:

17
18

. Set initial value p(®

r® — —g, — Hp©

- d© = ¢

: for k=0,1,2,... do

(k) — (d<k>)T Hd®

if k) <0 then
return p*)

end if

(k)2
a®) — ([l

K (®)
pETD = pk) 4 (k) gk)

(1) 1) _ QUL g
if [r*+)| < e |r®|| then
return pF+?
end if
I Ll s
k)2

dk+D) = p(k41) _ gk q(k)
: end for
. return pFth)

> initial residual
> initial search direction

> curvature along search direction

> negative curvature detected; truncate

> step length

> update iterate
> update residual

> convergence criterion

> direction update coefficient

> update search direction

Exercise 4.2.1 Let B be invertible, F = F' =0, D = Dt = 0, and let A, C
be arbitrary matrices of compatible dimensions. Define

H:=D+C'B~1(FB~'C — A") — AB~'C, (4.38)

HSN =D+ ot'B~tFB~IC.

(4.39)

Show that H is symmetric and HSN is symmetric positive definite.

4.3 Hyperbolic problem

In seismic source reconstruction or subsurface imaging, the governing PDE is
in general a wave equation. For example, the governing PDE of interest is

div [p grad u]
u =0,

Ju

— =0,

ot

u =0,
pegradu-n =0,

o

(4.40)

where J := (0, 7] is the time interval. The group variable p = (u, p) denotes the
material parameters, and v is the adjoint variable. The Lagrangian reads

L{u,v,p] = M [u] + R[p] + E [u,v,p], (4.41)



4.3. HYPERBOLIC PROBLEM 59

where the individual terms are

1 (T
M u] = 3 / (u— ug,u —ug) dt, (4.42)
0
R[] = % (grad 1, grad 1) + < (grad p,grad p) (4.43)
r 0%u
Elu,v,p| = / [(pat?,v) +b(u,v) —1(v)| dt. (4.44)
0
Here,
b(u,v) = / pgradu - grad vd)  and (4.45)
Q
l(v) = / fodQ. (4.46)
Q

Then, the adjoint method of finding the gradients are
1. Given p, solve the state problem for u:

ou

u‘t fixed € U7 u|t:0 = 07 a = O,
92u =0 (4.47)
Gmw@*ﬁm@=”@7vmhmeMWex

where U =V :={we H(Q):w=0onTp}.

2. Given p and wu, solve the adjoint problem for v:

v
l; fixea € Us Vlimq =0, En =0,
t=T
82
<p8t12},1]> +b(v, @) = — (u—ug, @), Vil|,peq €V, VtE T,
(4.48)
where b (-, -) is symmetric and JT = [0, T).
3. Given p, u, and v, evaluate the gradient equations for g, and g,:
(/7’7 g/_t) = OZ# (grad /17 grad N)
T
+/ (igradu,gradv) dt, VpeW, (4.49)
0

T 2
- . _0%u .
(P 9p) = v (grad p, grad p) + /O <”at2’ v> dt, VpeWw,  (4.50)

Exercise 4.3.1 Derive the Newton system for the Lagrangian (4.41), and state
the corresponding incremental problems whose solutions define the Hessian ac-
tion.
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4.4 Eigenvalue problem

We consider an optimization problem governed by a generalized eigenvalue prob-
lem. The state variable is the eigenpair (u, A), where u is the eigenfunction and
A the eigenvalue, satisfying

{ueU\{O},)\eR

a()('l,l/7’l)) + )\a1(u, 7}) = 07 Yv e U. (451)

We assume that the sesquilinear forms ag and a; are Hermitian, i.e., a;(v,u) =
a;(u,v) for i = 0,1, and depend on a design parameter p.

Introduce the grouped state variable u := (u,\) and the grouped adjoint
variable v := (v,§), where v € U is the adjoint eigenfunction and ¢ is the
adjoint eigenvalue. The Lagrangian reads

Llu,v,p| = M[u] + R[p| + E[u, v, p|, (4.52)

where M is the objective functional, R is the regularization, and the constraint
functional F is given by

Elu,v,p] = Re{ao(u,v) + Xag (u,v)} + g [a1 (u,u) —1]. (4.53)

The first two terms enforce the eigenvalue equation through the adjoint variable
v, while the last term enforces the normalization constraint through the multi-
plier £. The normalization a;(u,u) = 1 fixes the magnitude of u but leaves a
residual phase (or sign) ambiguity, which is inconsequential when the objective
functional is invariant under u — .

The adjoint problem reads: Given p and (u, A), find (v, &) € U x R such that

aop(@,v) + Aay(4,v) + €ar (t,u) = —d, Mu|(a), VaeU,
) ] ) (4.54)
Nai(u,v) = —dyM]u] ()\) , VieR.

Since @ and A are arbitrary, the adjoint system (4.54) admits the operator

representation
Ag+ A1 A AN V.M
(i ) () - (o) 45

where Ag and A; are the operators induced by ag and ai, respectively, and
V.M denotes the gradient of M with respect to u. The coefficient operator is
self-adjoint, reflecting the Hermitian symmetry of the underlying sesquilinear
forms.

The formulation extends to general polynomial eigenvalue problems:

uweU\{0}, NeC

N (4.56)
Z May(u,v) =0, Yvel,
k=0

where the sesquilinear forms aj are assumed Hermitian. A normalization that
preserves the Hermitian structure of the adjoint problem is

N
> kN ay (u,u) = 1. (4.57)
k=1
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The constraint functional E is then given by

S ¢
Elu,v,p] = Re {Z )\kak(u,v)} t3
k=0

Define the polynomial operator and its derivative with respect to A:

N
Z EN*Lag(u,u) — 1] . (4.58)
k=1

N N
P = NAp, PN => kANTIAL (4.59)
k=0 k=1

Taking variations of the Lagrangian with respect to @ and A and invoking the
Hermitian symmetry of each ag, the adjoint system admits the operator repre-

sentation
(0 PO )= (TE).

The coefficient operator is self-adjoint, since P(\) and P’(\) are both self-adjoint
and the (1,2) block P’()\) u is the conjugate transpose of the (2, 1) block uf P’(\).
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Chapter 5

Refinements

5.1 Partial observations and data filtering

5.1.1 Partial observations

In most physical applications, measurements are accessible only on a portion of
the domain boundary; non-destructive and non-invasive testing are representa-
tive examples in which direct internal access to the medium is either imprac-
tical or inadmissible. This situation arises in seismic imaging, where receivers
are confined to the free surface or to sparse boreholes; in electrical impedance
tomography, where currents and voltages are measured only through surface
electrodes; and in inverse heat conduction, where temperature is sensed on the
accessible face of a body while an inaccessible boundary condition is recon-
structed. The restriction may equally apply in time, when only a portion of the
recorded history is reliable or relevant, as with the early arrivals of a seismic
record. We model these restrictions by introducing a weight w(x,t) into the
misfit functional. For the model hyperbolic problem (4.41) this yields

T
Mlu) == %/0 /Qw(u—ud)Qdet. (5.1)

When data are available only on an accessible subregion Q. € Q (or, for
boundary measurements, on I'gps € 0€2), the weight is one on that region and
zero elsewhere, independent of time,

1, z € Qops,
w(z,t) = obs (5.2)
0, otherwise.
For pointwise receiver data at locations x;, j = 1,..., Ngps, the weight reduces
to a sum of Dirac delta functions,
Nobs

w(z,t) = Z 8(x — ;). (5.3)

63



64 CHAPTER 5. REFINEMENTS

A restriction in time enters through the dependence on t. To retain only a time
interval [t1,t2], for instance the early arrivals,

1, t1<t<t
wiz,t)=4 7 =TT 0<t <ty <T. (5.4)
0, otherwise,

The corresponding adjoint problem reads: Given p and u, solve the adjoint
problem for v:

ov
V; fixea € Us Ve =0, —

9% =T (5.5)
(p8t27€L) + b(U,fL) = - ((U - ud)w7ﬂ)7 N ﬂ’|t fixed S V, Vit S JT

5.1.2 Data filtering

The weights of the previous subsection act pointwise on the residual. A second
class of filters acts non-locally in time, through a convolution, and cannot be
expressed as a pointwise weight. Applied identically to the measured data ug
and the reconstructed data wu, hence to the residual r := u — ug, such filters
serve for adaptive noise reduction or to emphasize a particular frequency com-
ponent for sequential use in multiscale inversion, such as frequency continuation
or band-pass selection. We write the filtered misfit in terms of a linear filter
operator F,

T
Mlu) == % /O /Q (Fr)2dQadt. (5.6)

For example, a Gaussian low-pass filter with bandwidth parameter wy can
be used for frequency continuation:

(Fr)(z,t) = /0 g(t — s)r(zx, s)ds, (5.7)

where
g(t) = Lk emwit?/2, (5.8)
V2m
Here, the kernel normalized so that ffooo g(t) = 1. A narrow band wy cor-

responds to a wide kernel and strong temporal smoothing. A continuation
strategy begins with a small w;, admitting only the low-frequency content of
the residual, and increases the bandwidth w; < ws < --- across stages, each
initialized from the previous reconstruction, recovering the smooth background
before the high-frequency detail. As wy — oo the kernel tends to a Dirac delta
function and the unfiltered misfit is recovered.

The corresponding adjoint problem differs from (5.5) only in the source,
which is now filtered by FTF: Given p and u, solve the adjoint problem for v
such that

ov
Vl; fixea € Uy )i =0, ot =0,
t=T
o i t i i t
pﬁ,u +b(v,u) =— (]—' f(u—ud),u), V|, grog €V, VEE T

(5.9)
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Here F' is the adjoint of F in time, defined at each = by

T T
/ (Fr)(z,t)q(z, t)dt = / r(x,t)(}"Tq)(w,t)dt. (5.10)
0 0

Interchanging the order of integration gives the adjoint explicitly as a convolu-
tion with the reflected kernel,

T
(Flg) (1) = / o(s — g, s)ds. (5.11)

The Gaussian kernel is even, g(s —t) = g(t — s), so FI = F and the filter
is self-adjoint. Consequently FTF = F2? amounts to applying the filter twice;
away from the record ends its kernel is the convolution g * g,

(@)= [ otngle—ridr = Some R )

again a Gaussian kernel, with temporal width /2 /wg, wider than g by a factor
V2. Unlike the pointwise weight, the source F'F(u — ug4) is non-local in time
and must be assembled from the entire residual history before the backward
solve.

The above multiscale inversion can be similarly achievevd using regulariza-
tion factor continuation scheme [Kucukcoban et al., 2019].

5.2 Discontinuous parameter fields

Recall the first-order Tikhonov regularization functional

Rondpl = § [ eradp(o) - sradple)da, (5.13)

where o > 0 is a constant regularization parameter. First-order Tikhonov reg-
ularization requires p € H'(£2) and penalizes large gradients and so suppresses
sharp transitions. To see this explicitly, let

p(z) = Apb(z — x0), (5.14)

where 6 denotes the Heaviside step function and Ap > 0 is the jump size at
xo € Q. The distributional derivative is p’ = Apd(x — x). Since 6(z — zo) ¢
L?(Q), one has Rrix[p] = +0o. The optimizer is therefore driven to replace any
sharp transition by a smooth ramp, producing a blurred reconstruction.

To recover jump-type solutions, one may instead penalize the total variation
of p, defined for smooth p as

Ryy(p] = a/g Verad p(x) - grad p(x) dz. (5.15)

For smooth p, one has [, |grad p|dz = ||grad p||11 (o). The L' norm admits the
dual representation

1l = p{ [ 1@ o) ds < ol < 1}. (5.16)

The parameter o need not be
a global constant; it may be
taken as a spatially varying
function a(x), such that

Rrik[p]
1
=g /Q a(x)Vp(z) - Vp(zx) dz,

in direct analogy with a spa-
tially varying diffusion coeffi-
cient in an elliptic PDE.

The dual representation of the
LP norm is

lfllze ) =

sup{/n foda - 9]l < 1},

where 1/p+1/¢=1.
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This representation extends to non-smooth p by transferring the derivative from
p onto a compact-supported test function ¢ via integration by parts.

For the step function p(x) = Apf(z — zp) on Q = (0,1) with zo € (0,1),
integration by parts recovers its distributional derivative:

—Ap / ¢/ (2)dr = —Ap[(1) — P(x0)]

where the boundary term [pg]$ and the value ¢(1) vanish because ¢ has compact
support in (0,1). Taking the supremum over ||¢||r= < 1 gives

Rrylpl =a sup Apo(zg) = aAp, (5.18)
[l Lo <1

which is finite. Thus, Rry admits jumps.

Example 5.2.1 (Tikhonov vs. Total Variation Regularization)
Consider the family of functions ue € C1([—1,1]) parameterized by € > 0,
representing a smoothed jump:

0 -1 <2< —¢,
ue(z) = x;; ¢ _e<z<e (5.19)
1 e<x <1

Evaluate the behavior of the Tikhonov (H' semi-norm) regularization
penalty Rrixluc] and the Total Variation penalty Rrylue] as e — 0.

The classical derivative u.(z) exists almost everywhere and is given by
the bounded function

0 =zel-1,—€)U(e1],
5. L€ (—e€,¢).
First, we compute the Tikhonov regularization penalty, which squares

the derivative:

1
Rrix [ue] :/ lul (2)|? dz

-1

:/_6€<21€>2d33 (412)(26) % (5.21)

Taking the limit as the transition layer vanishes yields an infinite cost:

1
hm Roik[ue] = 11_% 2 = (5.22)
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Next, we compute the Total Variation regularization penalty, which in-
tegrates the absolute value of the derivative:

Rovlu = / i (2)| dx

—1

-/

Taking the limit as € — 0 yields a uniform bound independent of the edge
sharpness:

1

2e

da = (216) (26) = 1. (5.23)

lg% RTv[Ug] =1. (524)

Consequently, Tikhonov regularization penalizes sharp gradients exces-
sively and blows up for step-like discontinuities, whereas Total Variation
remains uniformly bounded and preserves sharp edges cleanly.

Because |grad p| is non-differentiable wherever grad p = 0, a smoothed sur-

rogate is introduced by replacing |grad p| with +/|grad p|? + €2 for a small pa-
rameter € > 0. This yields the smoothed total variation functional

RSy p) = 04/Q Verad p(z) - grad p(z) + €2 dz. (5.25)

As € = 07, R$y[p] converges to Rry[p], while for any € > 0 the functional
is Fréchet differentiable, which renders gradient-based optimization methods
applicable.

The directional derivative of the smoothed total variation functional in a
direction p is

gradp - grad p

dp Ry [p](P) = o o Varadp aradp 1 3 da. (5.26)
Integration by parts gives
4 Relpl(7) =~ [ grad ( gracy )m
Q \/gradp-gradp—i— €2
ta gradp - n pds, (5.27)

o0 \/gradp - grad p + €2

so the L? gradient is

gp = —agrad - ( gradp ) , (5.28)

Vgradp - gradp + €2

with the natural boundary condition gradp - n = 0 on 0f2.
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The second variation in directions p and p follows by differentiating the first
variation once more. Writing s[p] := \/ gradp - grad p + €2,

R rad p - grad p radp - grad p)(gradp - grad p
d}z)RfW[p](p’p):a/ gradp - gradp  (gradp-g p)(g3 p-gradp)| .
0 s[p] s[p]

= a/ grad p - Alp] grad p dz, (5.29)
Q
where the symmetric tensor field is

1 I grad p ® grad p
s[p]?

Alp] = (5.30)
s[p]
Integration by parts in p gives the strong-form Hessian operator acting on p,

H,p = —agrad - (A[p] gradp), (5.31)

with the natural boundary condition Alp]gradp-n = 0 on 9N.

5.3 Bounded and discrete parameter fields

Many physical parameters, such as mass density of elastic moduli, are often
strictly positive. We therefore consider the bound-constrained problem

min M[u(p)] subject to p(x) > po. (5.32)
P
Two strategies for imposing the constraint are presented: a logarithmic barrier,
which augments the objective with a penalty that grows without bound at the
constraint, and a nonlinear reparametrization, which removes the constraint by
construction.

5.3.1 Logarithmic barrier functional

The logarithmic barrier method replaces the inequality-constrained problem by

min J{p] == Mu(p)] + Rlp] + ®[p]. (5.33)

Here the barrier functional ®[p] is defined with a barrier parameter p > 0 by

Plp| = —u/ﬂlog(p—po)dx- (5.34)

This functional is finite only on the strictly feasible set p > pg, and it diverges to
400 as p approaches the bound, so any minimizer of J is automatically strictly
feasible. However, like any penalty term, the barrier may come to dominate the
objective and overshadow the misfit functional.

The logarithmic barrier functional is illustrated in Figure 5.1. The scalar
objective function p? has a minimum at p = 0. The augmented function J[p] =
p? — plog(p — po) restricts the feasible region to p > py = —1, and for yu = 3/2
its minimizer is relocated to p = 1/2.
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Figure 5.1: Logarithmic barrier functional for p > py. The minimizer is shifted
by the barrier term, and the feasible region is highlighted in light gray.

The barrier enters the stationarity conditions only through the control equa-
tion, since it depends on p alone. Its first and second variations are

4,B[p](5) = —p / P iz and d2[p) (7. p)

u/ PP g (5.35)
p— 1o a

p—po)?
respectively. Forming the Lagrangian for (5.33) with adjoint variable v,
L[u,p,v] = M[u] + R[p] + E[u,p, v] + ®[p], (5.36)

the Newton step at iteration k, in terms of the state, parameter, and adjoint
increments 4%, 5% 5% is the block system

F At Bt (k) Ju
A D+z CH|p® | =—=|gp—np—p)"]|. (5.37)
B C 0| \o® 9o
Here
W

The additional terms related to the barrier grow without bound where p ap-
proaches pg resulting the Newton system becomes increasingly ill-conditioned
near the active part of the constraint.

5.3.2 Nonlinear reparametrization

An alternative that avoids the ill-conditioning of the barrier is to choose a
parametrization of the field that satisfies the bound by construction, at the cost
of increased nonlinearity. Writing the parameter as

p = po +exp(q), (5.39)

and inverting for the unconstrained variable ¢ € R, the constraint p > pg holds
automatically, since the exponential is strictly positive.

Figure 5.2 illustrates the exponential parameterization for the scalar objec-
tive function J[p] = p?. The constraint p > py = —1 is enforced through a new
parameter g via p = pg + e?. Since e? > 0 for all ¢ € R, the feasible region
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- p—gq
= p—po+explg|

Figure 5.2: Exponential reparameterization for p > py. The feasible region
(highlighted in gray) for the new parameter ¢ is R.

for q is the entire real line, while the bound p > pg holds automatically. The
minimizer remains unchanged.

When the parameter space is binary, as is common in design problems, a
quasi-binary parametrization may be used instead,

p(q) = # [1 + tanh ﬂ +pr. (5.40)

Here p;, and py are the prescribed low and high values, and « controls the
sharpness of the transition between them: as v — 0 the map approaches a step,
recovering the binary limit.
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