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“Once men turned their thinking over to machines in the
hope that this would set them free. But that only permitted
other men with machines to enslave them.”

Frank Herbert, Dune (1965)
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Chapter 1

Preliminaries

1.1 Index notation

We follow Einstein notation and use regular font for both scalars and tensors,
whose types are to be inferred from context. For example, a vector v expressed
in terms of a basis gi is written as

v = vigi. (1.1)

In most cases, we make no distinction between vectors and covectors, as a
Cartesian basis is assumed unless stated otherwise. Accordingly, we also write
v = vigi = vig

i = vigi. Similarly, the inner product between two geometric
vectors is given by

(a, b) := a · b = aibi = aibi, (1.2)

where · denotes (single) contraction and ( ) indicates complex conjugation of
the subtended quantity.

1.2 Inner product and induced norm

A set equipped with inner product is called an inner product space. An inner
product is a bilinear form (or a sesquilinear form for complex vectors) such that

(·, ·) : V × V → F. (1.3)

Here F is either a real number R or a complex number C. Thus, an inner product
takes two vectors in V and returns a scalar.

In addition, an inner product must satisfy the following properties [Oden
and Demkowicz, 2017]:

• Linearity with respect to the first argument

(αu+ βv,w) = α (u,w) + β (v, w) ∀α, β ∈ F, ∀u, v, w ∈ V. (1.4)

• Conjugate symmetry

(u, v) = (v, u) ∀u, v ∈ V. (1.5)

1



2 CHAPTER 1. PRELIMINARIES

• Positive definiteness

(u, u) > 0 ∀u ̸= 0, u ∈ V. (1.6)

Note that an inner product is anti-linear with respect to the second argument,
i.e.,

(u, αv) = α (u, v) ∀α ∈ F, ∀u, v ∈ V. (1.7)

Orthogonality is defined such that

(u, v) = 0. (1.8)

Any inner product space is equipped with an induced norm such that

∥u∥ :=
√

(u, u). (1.9)

Theorem 1.2.1 (Cauchy–Schwarz Inequality) Let (·, ·) be an inner prod-
uct on a vector space V. Then, ∀u, v ∈ V,

|(u, v)| ≤ ∥u∥ ∥v∥ . (1.10)

Equality holds when u and v are linearly dependent.

Triangle inequality can be proved from the Cauchy-Schwarz inequality as

∥u+ v∥2 = (u+ v, u+ v)

= (u, u) + (u, v) + (v, u) + (v, v)

= (u, u) + 2Re {(u, v)}+ (v, v)

≤ ∥u∥2 + 2 |(u, v)|+ ∥v∥2

≤ ∥u∥2 + 2 ∥u∥ ∥v∥+ ∥v∥2

= (∥u∥+ ∥v∥)2 . (1.11)

Thus, we have ∥u+ v∥ ≤ ∥u∥+ ∥v∥.

1.3 Function space

1.3.1 Banach space

• Linear space: A set X is a linear space over a field F (typically R or C) if
its elements x, y, . . . ∈ X satisfy the following axioms under addition and
scalar multiplication by α, β, . . . ∈ F:

1. x+ y = y + x (commutativity of addition);

2. (x+ y) + z = x+ (y + z) (associativity of addition);

3. There exists a zero element 0 ∈ X such that x+0 = x for all x ∈ X;

4. For each x ∈ X, there exists an additive inverse −x ∈ X such that
x+ (−x) = 0;

5. 1 · x = x for all x ∈ X (scalar identity);
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6. α(βx) = (αβ)x (associativity of scalar multiplication);

7. (α+ β)x = αx+ βx (distributivity over scalar addition); and

8. α(x+ y) = αx+ αy (distributivity over vector addition).

• Normed linear space: A linear spaceX is said to be normed if each element
x ∈ X is assigned a nonnegative real number ∥x∥, called the norm of x,
such that

1. ∥x∥ = 0 if and only if x = 0 (positive definiteness);

2. ∥αx∥ = |α|∥x∥ for all α ∈ F and x ∈ X (absolute homogeneity); and

3. ∥x+ y∥ ≤ ∥x∥+ ∥y∥ for all x, y ∈ X (triangle inequality).

• Banach space: A normed linear space X is said to be a Banach space if
it is complete with respect to its norm. That is, every Cauchy sequence
(xn) in X converges to a limit x ∈ X such that limn→∞ ∥xn − x∥ = 0. A Cauchy sequence is a se-

quence whose elements become
arbitrarily close to each other
as the sequence progresses.
Namely, a sequence (xn) is
Cauchy if for every ε > 0,
there exists N ∈ N such that
∥xm−xn∥ < ε for allm,n ≥ N .

• C0 space: A function u : Ω → R belongs to C0(Ω) if it is continuous on
Ω, i.e.,

lim
x→x0

u(x) = u(x0), ∀x0 ∈ Ω. (1.12)

When equipped with the supremum norm,

∥u∥C0(Ω) = sup
x∈Ω
|u(x)|, (1.13)

the space C0(Ω) is a Banach space.

• C1 space: A function u : Ω→ R belongs to C1(Ω) if the function and all
its first-order partial derivatives are continuous on Ω. The space C1(Ω) is
a Banach space when equipped with the C1 norm,

∥u∥C1(Ω) = ∥u∥C0(Ω) + ∥gradu∥C0(Ω). (1.14)

Here, ∥gradu∥C0(Ω) = supx∈Ω |gradu(x)|. Note that the gradient should
be understood in the strong (classical) sense.

• Ck space: A function u : Ω→ R belongs to Ck(Ω) if all partial derivatives
up to order k are continuous.

• C∞ space: A function u : Ω → R belongs to C∞(Ω) if all partial deriva-
tives of all orders are continuous. Such functions are called smooth or
infinitely differentiable.

1.3.2 Hilbert space

• Inner product space: A linear space X is said to be an inner product space
if each pair of elements x, y ∈ X is assigned a scalar (x, y) ∈ F, called the
inner product of x and y, such that

1. (x, x) ≥ 0 and (x, x) = 0 if and only if x = 0 (positive definiteness);

2. (x, y) = (y, x) for all x, y ∈ X (conjugate symmetry);
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3. (αx + βy, z) = α(x, z) + β(y, z) for all α, β ∈ F and x, y, z ∈ X
(linearity in the first argument).

The inner product induces a norm via ∥x∥ =
√

(x, x).

• Hilbert space: An inner product space X is said to be a Hilbert space
if it is complete with respect to the norm induced by its inner product,
∥x∥ =

√
(x, x). Equivalently, a Hilbert space is a Banach space whose

norm derives from an inner product.

• L2 space: For a domain Ω ⊂ Rn, the space L2(Ω) is defined as

L2(Ω) =

{
u : Ω→ R (or C) :

∫
Ω

|u|2 dx <∞
}
. (1.15)

The space L2(Ω) is a Hilbert space equipped with the inner product

(u, v)L2(Ω) =

∫
Ω

u · v dx (1.16)

and induced norm

∥u∥L2(Ω) =
√

(u, u)L2(Ω) =

(∫
Ω

|u|2 dx
)1/2

. (1.17)

• Sobolev space of the first order :

H1 (Ω) :=
{
u ∈ L2 (Ω) : gradu ∈ L2 (Ω)

3
}
. (1.18)

The corresponding inner product is

(u, v)H1(Ω) = (u, v) + (gradu, grad v)

=

∫
Ω

uv +

∫
Ω

gradu · grad v (1.19)

and the induced norm is

∥u∥H1(Ω) =
√
(u, u)H1(Ω). (1.20)

Note that the gradient must be understood in the weak (distributional)
sense.

• Sobolev space of the k-th order :

Hk (Ω) :=
{
u ∈ L2 (Ω) : Dαu ∈ L2 (Ω) , ∀ |α| ≤ k

}
. (1.21)

Here, Dα = ∂|α|/ (∂xα1
1 ∂xα2

2 . . . ∂xαn
n ) denotes partial derivative of order

|α| = α1 + α2 + . . .+ αn in the weak sense.

• H (div) space:

H (div,Ω) =
{
u ∈ L2 (Ω)

3
: div u ∈ L2 (Ω)

}
. (1.22)
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• H (curl) space:

H (curl,Ω) =
{
u ∈ L2 (Ω)

3
: curlu ∈ L2 (Ω)

3
}
. (1.23)

Exercise 1.3.1 Let f(x) = C for some constant C ̸= 0. Determine whether f
belongs to each of the following function spaces on Ω = R:

1. C0(R) and C∞(R),

2. L2(R),

3. Hk(R) for k ≥ 1.

1.4 Differentiation

The directional derivative of a map u : X → R at a point x ∈ X in the direction
h ∈ X is defined as

dhu(x) := lim
ϵ→0

u (x+ ϵh)− u (x)
ϵ

. (1.24)

This limit probes u along the single direction h and need not be linear in h in
general.

If the map h → dhu(x) is linear and bounded, then dhu(x) is called the
Gâteaux differential of u at x in the direction h, and we write

dhu(x) = du(x)[h]. (1.25)

Theorem 1.4.1 (Riesz Representation Theorem) Let H be a Hilbert space
with inner product (·, ·)H . For every continuous linear functional φ : H → R,
there exists a unique element f ∈ H such that

φ(x) = (f, x)H , ∀x ∈ H. (1.26)

Moreover, ∥φ∥H∗ = ∥f∥H . The element f is called the Riesz representation of
φ.

The Riesz Representation Theorem guarantees the existence of a unique
element g ∈ X such that

du(x)[h] = (g, h)X , ∀h ∈ X. (1.27)

This element g is called the gradient of u at x, denoted ∇u(x) or gradu(x). It
is the unique Riesz representation of the Gâteaux derivative du(x) [h] in X, and
depends on the choice of inner product on X. The function u is said to be

Fréchet differentiable if

u (x+ h)−u (x)− dhu (x)

= o (∥u∥) , (1.28)

i.e.,

lim
∥h∥→0

|u(x+ h)− u(x)− dhu(x)|
∥h∥

= 0. (1.29)

The functional dhu(x) is called
the Fréchet differential of u at
x.

Definition 1.4.1 (Weak Derivative) Let u ∈ L2(Ω). A function v ∈ L2(Ω)
is called the weak derivative of u with respect to xi, denoted v = ∂u/∂xi, if

(v, ϕ) = −
(
u,

∂ϕ

∂xi

)
, ∀ϕ ∈ C∞

0 (Ω). (1.30)

More generally, for a multi-index α = (α1, . . . , αn) ∈ Nn
0 with |α| = α1+· · ·+αn,

the weak derivative Dαu is the function v ∈ L2(Ω) satisfying

(v, ϕ) = (−1)|α| (u, Dαϕ) , ∀ϕ ∈ C∞
0 (Ω), (1.31)

where ( · , · ) := ( · , · )L2(Ω).
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When u ∈ C1(Ω), the weak derivative coincides with the classical derivative,
so the weak derivative is an extension of classical differentiation to functions that
may not be pointwise differentiable. This extension is fundamental to Sobolev
space theory: the Sobolev space Hk(Ω) consists precisely of those functions in
L2(Ω) whose weak derivatives up to order k also belong to L2(Ω).

Example 1.4.1 (Weak Derivative of the Absolute Value Function)
Consider u(x) = |x| on R. For any ϕ ∈ C∞

0 (R),∫ ∞

−∞
|x|ϕ′(x) dx =

∫ 0

−∞
(−x)ϕ′(x) dx+

∫ ∞

0

xϕ′(x) dx

= [−xϕ]0−∞ −
∫ 0

−∞
−ϕ(x) dx+ [xϕ]

∞
0 −

∫ ∞

0

ϕ(x) dx

= −
∫ ∞

−∞
sgn(x)ϕ(x) dx, (1.32)

where

sgn(x) =


−1, x < 0,

0, x = 0,

1, x > 0.

(1.33)

The boundary terms vanish because ϕ has compact support and the contri-
butions at x = 0 cancel. Thus, the weak derivative is v(x) = sgn(x).

Exercise 1.4.1 (Heaviside Step Function) Consider the Heaviside function
on R:

H(x) =

{
0, x ≤ 0,

1, x > 0.
(1.34)

Find the weak derivative of the Heaviside step function.

1.5 Integration by parts

Integration by parts in one dimension reads∫ 1

0

du

dx
v = [uv]

1
0 −

∫ 1

0

u
dv

dx
. (1.35)

The multi-dimensional generalization of the above equation reads∫
Ω

∂u

∂xi
v =

∫
∂Ω

uvni −
∫
Ω

u
∂v

∂xi
. (1.36)

In the above, Ω ∈ RN is the domain in N dimension and its boundary is
denoted by ∂Ω, and ni is the i-th component of the outward normal vector on
the boundary.
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Integration by parts for divergence and curl operators are (respectively)∫
Ω

(div u) v =

∫
∂Ω

(u · n) v −
∫
Ω

u · grad v and (1.37)∫
Ω

curlE · F =

∫
∂Ω

(n× E) · F +

∫
Ω

E · curlF. (1.38)

In the above, u, v, E, and F are vector-valued functions and n is unit outward
normal vector. Integration by parts involves with the divergence of a two tensor,
A ∈ RN×N , reads∫

Ω

(divA) · v =

∫
∂Ω

(An) · v −
∫
Ω

A : grad v, (1.39)

where : denotes double contraction such that A : B = AijB
ij .

1.6 Implicit function theorem

The Implicit Function Theorem is a fundamental result in nonlinear analysis
with wide-ranging applications, including the derivation of first-order optimality
conditions via Lagrange multipliers and sensitivity analysis of PDE-constrained
optimization problems. We state the theorem first in the finite-dimensional
setting and then in the general Banach space setting.

Theorem 1.6.1 (Implicit Function Theorem) Let U ⊂ Rn × Rm be an
open set and let g : U → Rm be a C1 function. Suppose there exists a point
(x0, y0) ∈ U such that

g(x0, y0) = 0. (1.40)

If the partial Jacobian of g with respect to y, evaluated at (x0, y0), is non-
singular, i.e.,

det

(
∂gi
∂yj

(x0, y0)

)
̸= 0, i, j = 1, 2, . . . ,m, (1.41)

then there exist open neighborhoods B ⊂ Rn of x0 and V ⊂ Rm of y0, and a
unique C1 function φ : B → V such that φ(x0) = y0 and

g(x, φ(x)) = 0, ∀x ∈ B. (1.42)

Moreover, the Jacobian of φ is given by

Dφ(x) = − [Dyg(x, φ(x))]
−1
Dxg(x, φ(x)), ∀x ∈ B, (1.43)

or equivalently in component form, Dyg(x0, y0) denotes the
Fréchet derivative of g with
respect to y, evaluated at
(x0, y0).

∂φi

∂xj
(x) = −

m∑
k=1

F−1
ik (x, φ(x))

∂gk
∂xj

(x, φ(x)), ∀x ∈ B, (1.44)

where Fij := ∂gi/∂yj.
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Example 1.6.1 (Unit Circle) Consider the unit circle defined implicitly
by

g(x, y) = x2 + y2 − 1 = 0. (1.45)

This is a classic example because the circle cannot be expressed as a single
global function y = φ(x) over all of R, yet the implicit function theorem
(IFT) guarantees a local function exists near any point where the hypotheses
are satisfied.

Here g : R2 → R, so n = 1 and m = 1 in Theorem 1.6.1. The partial
derivative with respect to y is

∂g

∂y
(x, y) = 2y. (1.46)

The IFT applies at any point (x0, y0) on the circle where

∂g

∂y
(x0, y0) = 2y0 ̸= 0, (1.47)

i.e., at any point except (±1, 0).
Take the point (x0, y0) = (0, 1). Since ∂g/∂y = 2 ̸= 0 there, the IFT

guarantees the existence of a neighborhood B ⊂ R of x0 = 0 and a unique
C1 function φ : B → R such that φ(0) = 1 and

g(x, φ(x)) = x2 + φ(x)2 − 1 = 0, ∀x ∈ B. (1.48)

Explicitly, this function is the upper semicircle

φ(x) =
√

1− x2, x ∈ (−1, 1). (1.49)

Similarly, near (x0, y0) = (0,−1), the IFT gives the lower semicircle φ(x) =
−
√
1− x2.
The IFT formula gives the derivative of φ:

φ′(x) = −
[
∂g

∂y
(x, φ(x))

]−1
∂g

∂x
(x, φ(x)) = − 2x

2φ(x)
= − x

φ(x)
, (1.50)

which for φ(x) =
√
1− x2 gives

φ′(x) = − x√
1− x2

. (1.51)

At x0 = 0, we obtain φ′(0) = 0, reflecting the horizontal tangent at the top
of the circle.

At the points (±1, 0), the condition ∂g/∂y ̸= 0 fails and the IFT does
not apply. Indeed, the circle has a vertical tangent at these points and
cannot be expressed as a C1 function of x near x = ±1.
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The finite-dimensional theorem extends to Banach spaces, with the non-
singularity of the partial Jacobian replaced by the bounded invertibility of the
partial Fréchet derivative. This generalization is essential for applications to
PDE-constrained optimization, where the state variable lives in an infinite-
dimensional function space such as a Sobolev space.

Theorem 1.6.2 (Implicit Function Theorem in Banach Spaces) Let X,
Y , Z be Banach spaces, U ⊂ X × Y open, and g : U → Z a C1 map. Suppose
(x0, y0) ∈ U satisfies g(x0, y0) = 0 and the partial Fréchet derivative

A := Dyg(x0, y0) : Y → Z (1.52)

is a Banach space isomorphism, i.e., A is a bounded bijection with bounded An isomorphism between two
Banach spaces is a bounded bi-
jective linear map whose in-
verse is also bounded.

inverse A−1 : Z → Y . Then there exist open neighborhoods B ⊂ X of x0 and
V ⊂ Y of y0, and a unique C1 map φ : B → V such that φ(x0) = y0,

g(x, φ(x)) = 0, ∀x ∈ B, (1.53)

and

Dφ(x) = − [Dyg(x, φ(x))]
−1
Dxg(x, φ(x)), ∀x ∈ B. (1.54)

1.7 Weak form

Consider a model Poisson’s equation:

(S)

 d2u

dx2
+ f = 0 x ∈ (0, 1)

u(0) = u(1) = 0
. (1.55)

The left-hand side of the governing equation vanishes for all x ∈ (0, 1) when u
is a true solution. Thus, the governing equation gives a pointwise requirement
of the solution, and such formulation is called a strong form.

Alternatively, a weak form focuses on the definition of the 0 on the right-
hand side; like the left-hand side of the equation, 0 is a function, or a vector.
Specifically, the function 0 returns a number 0 when inner-producted with any
other function. Thus, we can equivalently write∫

v

(
d2u

dx2
+ f

)
= 0, ∀v, (1.56)

which is identified as a weak form. Here, u is called a trial function and the
arbitrary function v is called a test function.

The above weak form becomes more useful when we take an integration by
parts:

0 =

∫
v

(
d2u

dx2
+ f

)
=

[
v
du

dx

]1
0

−
∫

dv

dx

du

dx
+

∫
vf. (1.57)
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Here, the boundary term vanishes when the test function satisfies homogeneous
Dirichlet boundary conditions, i.e., v(0) = v(1) = 0. Then, we have

(W)

{
u ∈ U
b (u, v) = l (v) , ∀v ∈ V . (1.58)

In the above, the bilinear and linear forms are defined by

b (u, v) =

∫
dv

dx

du

dx
and (1.59)

l (v) =

∫
vf. (1.60)

u and v may be elements of different function spaces U and V. However, in the
given model problem, we derived a symmetric, or Hermitian, bilinear form by
integration by parts, which allowed to use the same function space for both trial
and test functions:

U = V =
{
w ∈ H1 (0, 1) : w(0) = w(1) = 0

}
. (1.61)

The space H1(0, 1) is chosen to ensure the bilinear form is integrable, i.e.,∣∣∣∣(dudx, dvdx
)∣∣∣∣ <∞, (1.62)

where the Cauchy-Schwarz inequality gives∣∣∣∣(dudx, dvdx
)∣∣∣∣ ≤ ∥∥∥∥dudx

∥∥∥∥∥∥∥∥dvdx
∥∥∥∥ . (1.63)



Chapter 2

Calculus of Variations

2.1 Functionals

A functional is a map J : V → R, where V is a function space. That is, a
functional is a function that takes functions as its arguments. If J satisfies
J [αu+ βv] = αJ [u] + βJ [v] for all u, v ∈ V and scalars α, β, it is called a
linear functional.

For example, consider the total potential energy functional J [w] of an Euler-
Bernoulli beam:

J [w] =
1

2

∫ L

0

EI

(
d2w

dx2

)2

dx︸ ︷︷ ︸
=U [w]

−
∫ L

0

qwdx︸ ︷︷ ︸
=V [w]

, (2.1)

where w is the deflection, q is the distributed load, EI is the flexural rigidity,
and L is the beam length. Here, both the strain energy U [w] and the work done
by an external load V [w] are functionals, while V [w] is linear with respect to
w.

Definition 2.1.1 (Continuity) The functional J : V → R is said to be con-
tinuous at the point û ∈ V if for any ϵ > 0, there exists a δ > 0 such that

|J [u]− J [û]| < ϵ, (2.2)

provided that

∥u− û∥ < δ. (2.3)

2.2 Functional derivatives

Let J [u] be a functional defined on some normed linear space, where its incre-
ment is defined as

∆J [h] = J [u+ h]− J [u] . (2.4)

Note that for a fixed u, ∆J is a (generally nonlinear) functional of h. Suppose
that the increment can be decomposed as

∆J [h] = φ [h] + ϵ ∥h∥ , (2.5)

11
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where φ [h] is a linear functional. If ϵ → 0 as ∥h∥ → 0, the functional J [u] is
said to be differentiable. The linear functional φ [h] is called the variation (or
differential) of the functional J [u] and is denoted by dhJ or δhJ . To make the
base point explicit, we may also write dJ (u) [h] or dJ [u;h]; similarly, δJ (u) [h]
or δJ [u;h].

In practice, the variation can be computed as a Gâteaux differential:

dvJ [u] = lim
ϵ→0

J [u+ ϵv]− J [u]

ϵ
=

d

dϵ
J [u+ ϵv]

∣∣∣∣
ϵ=0

. (2.6)

Example 2.2.1 (Uniqueness of the Differential) Prove that a differ-
entiable functional has a unique differential.

Suppose a differentiable functional J [u] admits two differentials such
that

∆J [h] =φ1 [h] + ϵ1 ∥h∥ and (2.7)

∆J [h] =φ2 [h] + ϵ2 ∥h∥ , (2.8)

where ϵ1, ϵ2 → 0 as ∥h∥ → 0. Then, subtracting the two equations, we have

φ1 [h]− φ2 [h] = (ϵ2 − ϵ1) ∥h∥ . (2.9)

Set h = h0/n for a fixed nonzero h0. By linearity, we have

φ1 [h0]− φ2 [h0]

n
= (ϵ2 − ϵ1)

∥h0∥
n

, (2.10)

which simplifies to

φ1 [h0]− φ2 [h0] = (ϵ2 − ϵ1) ∥h0∥ . (2.11)

Taking n → ∞ implies ∥h∥ → 0 so that ϵ1, ϵ2 → 0. Thus, the right-hand-
side of the equation vanishes, giving φ1 [h0] = φ2 [h0]. Since h0 is arbitrary,
we conclude φ1 = φ2.

The gradient g arising from the Riesz representation theorem, i.e.,

dvJ [u] = (g, v) (2.12)

is called the functional derivative and is denoted by ∇J , grad J or δJ
δu .

A functional J : V → R is said to be twice differentiable at u ∈ V if its
increment can be written in the form

∆J [h] = φ1[h] + φ2[h] + ϵ∥h∥2, (2.13)

where φ1[h] is a linear functional in h (i.e., the first variation), φ2[h] is a
quadratic functional in h, and ϵ → 0 as ∥h∥ → 0. The quadratic functional
φ2 is called the second variation (or second differential) and is denoted by

δ2J [u;h] or equivalently d2J(u)[h]. (2.14)
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Example 2.2.2 (First and Second Variations) Consider the func-
tional J : C1([a, b])→ R defined by

J [u] =

∫ b

a

F (x, u, u′)dx, (2.15)

where F (x, u, u′) = 1
2 (u

′)2 + 1
2u

2 is sufficiently smooth. Find its first and
second variations.

We compute the increment ∆J [h] := J [u + h] − J [u] by expanding
F (x, u+ h, u′ + h′) in a Taylor series about (u, u′):

F (x, u+ h, u′ + h′) =F (x, u, u′) +
∂F

∂u
h+

∂F

∂u′
h′

+
1

2

(
∂2F

∂u∂u
h2 + 2

∂2F

∂u∂u′
hh′ +

∂2F

∂u′∂u′
h′2
)

+ · · · . (2.16)

Then, we have the first and the second variations as

∆J [h] =

∫ b

a

(
∂F

∂u
h+

∂F

∂u′
h′
)
dx︸ ︷︷ ︸

=φ1[h]

+
1

2

∫ b

a

(
∂2F

∂u∂u
h2 + 2

∂2F

∂u∂u′
hh′ +

∂2F

∂u′∂u′
h′2
)
dx︸ ︷︷ ︸

=φ2[h]

+ · · · . (2.17)

Here, ∂F/∂u = u, ∂F/∂u′ = u′, ∂2F/∂u∂u = 1, ∂2F/∂u∂u′ = 0, and
∂2F/∂u′∂u′ = 1. Then, the first and second variations are

dJ [u;h] =

∫ b

a

(uh+ u′h′) dx =

∫ b

a

(u− u′′)hdx and (2.18)

d2J [u;h] =
1

2

∫ b

a

(
h2 + h′2

)
dx. (2.19)

2.3 Necessary and sufficient conditions for local
extrema

Here, we define local extrema (i.e., minima and maxima) of a functional and
state the necessary and sufficient conditions for their existence.

Definition 2.3.1 (Extremum) Let J [u] be a differentiable functional. Then,
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J [u] is said to have a local extremum at û if

∆J := J [u]− J [û] (2.20)

does not change its sign in some neighborhood of û. J [û] is a minimum if
∆J ≥ 0 and a maximum if ∆J ≤ 0.

We say J [u] has a weak extremum at u = û if there exists ϵ > 0 such that
∆J has constant sign for all u satisfying ∥u − û∥C1 < ϵ. We say J [u] has a
strong extremum at u = û if the neighborhood is defined by ∥u− û∥C0 < ϵ.

The above definitions use Banach spaces C1(Ω) and C0(Ω). Alternatively,
for problems involving weak solutions of PDEs, we can define extrema in Hilbert
(Sobolev) spaces by replacing the neighborhoods with ∥u − û∥H1(Ω) < ϵ (weak
extremum) or ∥u− û∥L2(Ω) < ϵ (strong extremum).

Theorem 2.3.1 (First-Order Necessary Condition for Extrema) A nec-
essary condition for a differentiable functional J [u] to have a local extremum at
u = û is that its first variation vanishes at u = û:

dJ(û)[h] = 0, ∀h, (2.21)

where h is any admissible direction.

Theorem 2.3.2 (Second-Order Necessary Condition for Extrema) Let
J [u] be a twice differentiable functional. A necessary condition for J [u] to have
a local minimum at u = û is that

d2J(û)[h] ≥ 0, ∀h, (2.22)

where h is any admissible direction. For a local maximum, d2J(û)[h] ≤ 0.

Theorem 2.3.3 (Sufficient Condition for a Local Minimum) Let J [u] be
a twice differentiable functional, and suppose that the first-order necessary con-
dition

dJ(û)[h] = 0, ∀h, (2.23)

is satisfied. A sufficient condition for J [u] to have a local minimum at u = û is
that its second variation be strongly positive, i.e., there exists a constant α > 0
such that

d2J(û)[h] ≥ α∥h∥2, ∀h. (2.24)

Since û satisfies the first-order necessary condition dJ [h] = 0 for all admis-
sible h, the increment of the functional can be written as

∆J [h] := J [û+ h]− J [û] = d2J [h] + ϵ(h)∥h∥2, (2.25)

where ϵ(h) → 0 as ∥h∥ → 0. Suppose that the second variation is strongly
positive, i.e., there exists a constant α > 0 such that

d2J [h] ≥ α∥h∥2, ∀h. (2.26)

Since ϵ(h)→ 0 as ∥h∥ → 0, there exists ϵ1 > 0 such that |ϵ(h)| < 1
2α whenever

∥h∥ < ϵ1. It follows that, for all admissible h with 0 < ∥h∥ < ϵ1,

∆J [h] = d2J [h] + ϵ(h)∥h∥2 > 1

2
α∥h∥2 > 0. (2.27)

Therefore, J [û + h] > J [û] for all admissible h with 0 < ∥h∥ < ϵ1, which
establishes that û is a strict local minimum.
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2.4 Euler equation

Let F (x, u, u′) be a function with continuous first and second derivatives with
respect to all of its arguments. Among all continuously differentiable functions
u defined on [a, b] satisfying the boundary conditions

u(a) = A and u(b) = B, (2.28)

we seek the function for which the functional

J [u] =

∫ b

a

F (x, u, u′)dx (2.29)

has a weak extremum.

Suppose we give u(x) an increment h(x). In order for the perturbed function
u+ h to satisfy the boundary conditions, we require

h(a) = 0 and h(b) = 0. (2.30)

The corresponding increment of the functional is then

∆J = J [u+ h]− J [u]

=

∫ b

a

F (x, u+ h, u′ + h′)dx−
∫ b

a

F (x, u, u′)dx

=

∫ b

a

[F (x, u+ h, u′ + h′)− F (x, u, u′)] dx. (2.31)

Expanding the integrand by Taylor’s theorem yields

∆J =

∫ b

a

[
∂F

∂u
h+

∂F

∂u′
h′
]
dx+ · · · . (2.32)

The leading term on the right-hand side is the principal linear part of the in-
crement ∆J , which we identify as the first variation. A necessary condition for
the weak extremum is that this first variation vanish for all admissible h:

dhJ =

∫ b

a

[
∂F

∂u
h+

∂F

∂u′
h′
]
dx = 0. (2.33)

Integrating the second term by parts and using h(a) = h(b) = 0, we obtain

dhJ =

∫ b

a

[
∂F

∂u
− d

dx

∂F

∂u′

]
hdx. (2.34)

Since h is an arbitrary continuously differentiable function vanishing at the
endpoints, we have

∂F

∂u
− d

dx

∂F

∂u′
= 0. (2.35)

This is the Euler equation (also called the Euler-Lagrange equation).
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Theorem 2.4.1 (Euler Equation) Let J [u] be a functional of the form

J [u] =

∫ b

a

F (x, u, u′)dx, (2.36)

defined on the set of functions u(x) having continuous first derivatives on [a, b]
and satisfying the boundary conditions u(a) = A and u(b) = B. A necessary
condition for J [u] to have a weak extremum at a given function u(x) is that u(x)
satisfy the Euler equation:

∂F

∂u
− d

dx

∂F

∂u′
= 0. (2.37)

A functional J [u] =
∫ b

a
Fdx is called autonomous if the integrand has the

form F = F (u, u′), with no explicit dependence on x. Then, the Euler equation
admits a first integral known as the Beltrami identity :

F − u′ ∂F
∂u′

= c, c = const. (2.38)

This follows from the observation that, when the Euler equation is satisfied,

d

dx

(
F − u′ ∂F

∂u′

)
= u′

(
∂F

∂u
− d

dx

∂F

∂u′

)
= 0. (2.39)

Example 2.4.1 (Minimal Surface of Revolution) Consider finding a
curve u(x) > 0 on the interval [a, b] that generates a surface of revolution
of minimal area when rotated about the x-axis, subject to the boundary con-
ditions u(a) = A > 0 and u(b) = B > 0. The minimization problem reads:

Find u (x) , x ∈ [a, b], such that
u(a) = A, u(b) = B
J [u] = inf

w∈U
J [w]

(2.40)

where the admissible function space is

U :=
{
w ∈ C1([a, b]) : w(a) = A, w(b) = B

}
(2.41)

and the cost functional is

J [w] = 2π

∫
C

wds = 2π

∫ b

a

w
√

1 + (w′)2dx. (2.42)

Here, ds =
√
1 + (w′)2dx denotes the arc length element and C is the curve

parameterized by x ∈ [a, b].
The integrand F (w,w′) = 2πw

√
1 + (w′)2 is autonomous, where we

have the Beltrami identity:

F − w′ ∂F

∂w′ = c, (2.43)
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where c is a constant. Computing

w′ ∂F

∂w′ = 2πw′ · ww′√
1 + (w′)2

=
2πw(w′)2√
1 + (w′)2

, (2.44)

the Beltrami identity yields

2πw
√
1 + (w′)2 − 2πw(w′)2√

1 + (w′)2
= c, (2.45)

which simplifies to

w =
c

2π

√
1 + (w′)2. (2.46)

Setting c = 2πa0 for a positive constant a0, we have a general solution
(catenary)

u(x) = a0 cosh

(
x− x0
a0

)
, (2.47)

where a0 and x0 are determined by the boundary conditions u(a) = A and
u(b) = B.

This problem models the shape of a soap film stretched between two
coaxial circular rings. When the constant 2π is replaced by the weight
per unit arc length ρg, the functional becomes the gravitational potential
energy of a hanging cable, and the catenary solution then describes the
equilibrium shape of a chain or cable suspended under its own weight.

The Beltrami identity is the variational counterpart of energy conservation in
classical mechanics. For example, consider a mechanical system with generalized
coordinate q(t) and Lagrangian L(q, q̇) = T − V , where T is the kinetic energy For a mechanical system with

generalized coordinates q =
(q1, . . . , qn) and generalized ve-
locities q̇ = (q̇1, . . . , q̇n), the
Lagrangian L : Rn ×Rn ×R →
R is defined by

L(q, q̇, t) := T (q, q̇, t)− V (q, t),

where T is the kinetic energy
and V is the potential energy
of the system.

and V is the potential energy. The action functional is

The principle of stationary ac-
tion states that the equations
of motion are obtained by re-
quiring the action functional

S[q] :=

∫ t2

t1

L(q, q̇, t)dt

to be stationary (i.e., dS = 0),
not necessarily minimized.

S[q] =

∫ t2

t1

L(q, q̇)dt, (2.48)

and the Euler equation (i.e., Newton’s second law in generalized form) is

∂L

∂q
− d

dt

∂L

∂q̇
= 0. (2.49)

When the Lagrangian does not depend explicitly on time t (i.e., ∂L/∂t = 0),
the Beltrami identity applied with t as the independent variable gives

L− q̇ ∂L
∂q̇

= −c, (2.50)

where c is a constant along solutions of (2.49). The Hamiltonian (total energy)
is defined as

H := q̇
∂L

∂q̇
− L, (2.51)
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which is constant as suggested by (2.50). This is the conservation of energy :
the Hamiltonian H is constant along trajectories satisfying the Euler equation,
provided L has no explicit time dependence.

Example 2.4.2 (Conservation of Energy of a Moving Particle)
For a particle of mass m moving in one dimension under a potential V (q),
the Lagrangian is

L(q, q̇) = 1
2mq̇

2︸ ︷︷ ︸
=T

−V (q)︸︷︷︸
=V

. (2.52)

Derive the conservation of energy.
Since L does not depend explicitly on time t, the system is autonomous

and the Beltrami identity guarantees the existence of a first integral. The
canonical momentum is

p :=
∂L

∂q̇
= mq̇. (2.53)

The Hamiltonian is

H = pq̇ − L(q, q̇)
=mq̇ · q̇ −

(
1
2mq̇

2 − V (q)
)

= 1
2mq̇

2 + V (q)

=T + V. (2.54)

The Beltrami identity states that H is constant along trajectories satisfying
the Euler equation, i.e.,

T + V = const, (2.55)

which is the classical conservation of mechanical energy.

2.5 Canonical form of the Euler equations

Consider a functional of several dependent variables u1, u2, . . . , un:

J [u1, u2, . . . , un] =

∫ b

a

F (x, u1, u2, . . . , un, u
′
1, u

′
2, . . . , u

′
n) dx. (2.56)

The corresponding Euler equations are

∂F

∂ui
− d

dx

∂F

∂u′i
= 0, i = 1, 2, . . . , n, (2.57)

which form a system of n second-order ordinary differential equations for the un-
known functions ui(x). This system can be rewritten as 2n first-order equations
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by introducing new variables for u′i:

dui
dx

= u′i,
d

dx

∂F

∂u′i
=
∂F

∂ui
, i = 1, 2, . . . , n. (2.58)

We define the canonical momenta pi as

pi :=
∂F

∂u′i
, i = 1, 2, . . . , n. (2.59)

Provided the map (u′1, . . . , u
′
n) 7→ (p1, . . . , pn) is invertible, each u′i can be ex-

pressed as a function of (x, u1, . . . , un, p1, . . . , pn).
We introduce the Hamiltonian H(x, u1, . . . , un, p1, . . . , pn), defined via the

Legendre transform:

H :=

n∑
i=1

piu
′
i − F, (2.60)

where each u′i on the right-hand side is understood as a function of (x, ui, pi)
obtained by inverting (2.59). Together with the generalized coordinates ui, the
canonical momenta pi form the canonical variables

(x, u1, . . . , un, p1, . . . , pn) . (2.61)

We now examine the differential of H to express the first-order system (2.58)
in terms of the canonical variables. Applying the product rule to (2.60) gives

dH =

n∑
i=1

pi du
′
i +

n∑
i=1

u′i dpi − dF. (2.62)

Expanding dF by the chain rule yields

dH =

n∑
i=1

u′i dpi +

n∑
i=1

pi du
′
i −

∂F

∂x
dx−

n∑
i=1

∂F

∂ui
dui −

n∑
i=1

∂F

∂u′i
du′i. (2.63)

Since pi = ∂F/∂u′i, the du
′
i terms cancel, leaving

dH = −∂F
∂x

dx−
n∑

i=1

∂F

∂ui
dui +

n∑
i=1

u′i dpi. (2.64)

On the other hand, since H is regarded as a function of (x, ui, pi), its total
differential is

dH =
∂H

∂x
dx+

n∑
i=1

∂H

∂ui
dui +

n∑
i=1

∂H

∂pi
dpi. (2.65)

Comparing coefficients of dx, dui, and dpi between (2.64) and (2.65), we obtain

∂H

∂x
= −∂F

∂x
,
∂H

∂ui
= − ∂F

∂ui
, and

∂H

∂pi
= u′i. (2.66)
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Substituting (2.66) into the first-order system (2.58) yields the canonical form
of the Euler equations (Hamilton’s equations):

dui
dx

=
∂H

∂pi
,

dpi
dx

= −∂H
∂ui

, i = 1, 2, . . . , n. (2.67)

Let us revisit the case of an autonomous problem, i.e., F does not depend
explicitly on x, so that H likewise has no explicit x-dependence. Along an
extremal, the total derivative of H with respect to x is

dH

dx
=
∂H

∂x
+

n∑
i=1

(
∂H

∂ui

dui
dx

+
∂H

∂pi

dpi
dx

)
. (2.68)

Since ∂H/∂x = 0 by hypothesis, substituting the canonical equations (2.67)
gives

dH

dx
=

n∑
i=1

(
∂H

∂ui

∂H

∂pi
− ∂H

∂pi

∂H

∂ui

)
= 0. (2.69)

Thus, the Hamiltonian is a first integral of the canonical system: H is constant
along every extremal of an autonomous problem.

The following definition restates the Hamiltonian in the standard language
of analytical mechanics:

Definition 2.5.1 (Hamiltonian via the Legendre Transform) Given a La-
grangian L(q, q̇, t) with generalized coordinates q = (q1, . . . , qn) and generalized
velocities q̇ = (q̇1, . . . , q̇n), the canonical momenta are defined by

pi :=
∂L

∂q̇i
, i = 1, . . . , n. (2.70)

Assuming the map q̇ 7→ p is invertible, so that q̇i can be expressed as a function
of (q, p, t), the Hamiltonian H : Rn × Rn × R → R is defined by the Legendre
transform of L with respect to q̇:

H(q, p, t) :=

n∑
i=1

piq̇i − L(q, q̇, t), (2.71)

where it is understood that all q̇i on the right-hand side are replaced by their
expressions in terms of (q, p, t).

The invertibility of the map q̇ 7→ p requires

det

[
∂pi
∂q̇j

]
= det

[
∂2L

∂q̇i∂q̇j

]
̸= 0. (2.72)

When L = T−V with T a positive-definite quadratic form in q̇ and V = V (q, t),

the Hessian reduces to ∂2L
∂q̇i∂q̇j

= ∂2T
∂q̇i∂q̇j

, which is positive definite and hence non-

singular.
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2.6 Noether’s theorem

Consider a functional of the form

J [u] =

∫ b

a

F (x, u, u′)dx, (2.73)

where u = (u1, . . . , un) and u′ = (u′1, . . . , u
′
n). Suppose the functional is invari-

ant under the one-parameter family of transformations

x∗ =Φ(x, u; ε) and (2.74)

u∗i =Ψi(x, u; ε), i = 1, . . . , n, (2.75)

where ε = 0 corresponds to the identity transformation x∗ = x, u∗i = ui. Invari-
ance means that for every admissible curve ui(x) and every ε in a neighborhood
of zero, ∫ b∗

a∗
F

(
x∗, u∗,

du∗

dx∗

)
dx∗ =

∫ b

a

F

(
x, u,

du

dx

)
dx, (2.76)

where a∗ = Φ(a, u(a); ε) and b∗ = Φ(b, u(b); ε).

Theorem 2.6.1 (Noether’s theorem) If the functional J is invariant under
the one-parameter family of transformations

x∗ = Φ(x, u; ε), u∗i = Ψi(x, u; ε), i = 1, . . . , n, (2.77)

with Φ(x, u; 0) = x and Ψi(x, u; 0) = ui, and u1, . . . , un satisfy the Euler equa-
tions, then

n∑
i=1

∂F

∂u′i
ψi +

(
F −

n∑
i=1

u′i
∂F

∂u′i

)
ϕ = const (2.78)

along each extremal of J [u], where the infinitesimal variations, or generators,
are

ϕ(x, u, u′) :=
∂Φ

∂ε

∣∣∣∣
ε=0

and ψi(x, u, u
′) :=

∂Ψi

∂ε

∣∣∣∣
ε=0

. (2.79)

In terms of the canonical variables, (2.78) reads

n∑
i=1

piψi −Hϕ = const. (2.80)

Thus, Noether’s theorem establishes a link between symmetries and conserved
quantities.

The Beltrami identity is a special case of Noether’s theorem. Consider a
functional invariant under the following transformation

x∗ = Φ(x, u; ε) = x+ ϵ and u∗ = Ψ(x, u; ε) = u, (2.81)

which implies translational symmetry with respect to x. Then, we have

ϕ = 1 and ψ = 0. (2.82)
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Thus, (2.80) yields

H = const. (2.83)

Thus, the total energy is conserved when the Hamiltonian represents the total
energy.

On the other hand, if F is invariant under the transformation

x∗ = Φ(x, u; ε) = x and u∗ = Ψ(x, u; ε) = u+ ϵ, (2.84)

Noether’s theorem reduces to

p = const, (2.85)

which is identified as the conservation of momentum.

Example 2.6.1 (Conservation of Total Momentum) Consider two
particles with positions q1(t) and q2(t) interacting through a potential that
depends only on their separation. The Lagrangian is

L(q1, q2, q̇1, q̇2) =
1
2m1q̇

2
1 +

1
2m2q̇

2
2 − V (q1 − q2). (2.86)

Derive the conservation of total momentum.
The potential V depends on q1 and q2 only through the difference q1−q2.

Therefore the Lagrangian is invariant under simultaneous translation of
both coordinates:

t∗ = t, q∗1 = q1 + ε, and q∗2 = q2 + ε. (2.87)

Then, we have

ϕ = 0, ψ1 = 1, and ψ2 = 1. (2.88)

Applying Noether’s theorem, we have

p1ψ1 + p2ψ2 = const, (2.89)

which is the total linear momentum of the system. Note that neither indi-
vidual momentum p1 nor p2 is conserved.

Example 2.6.2 (Conservation of Angular Momentum) Consider a
particle of mass m moving freely in the (q1, q2)-plane. The Lagrangian is

L(q̇1, q̇2) =
1
2m(q̇21 + q̇22). (2.90)

Derive the conservation of angular momentum.
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The kinetic energy 1
2m(q̇21 + q̇22) is invariant under rotations in the

(q1, q2)-plane. Consider the one-parameter family of rotations

t∗ = t, q∗1 = q1 cos ε− q2 sin ε, and q∗2 = q1 sin ε+ q2 cos ε. (2.91)

Here, we have q̇∗21 + q̇∗22 = q̇21 + q̇22 ; thus, L is unchanged. Then, we have

ϕ = 0, ψ1 =
∂q∗1
∂ε

∣∣∣∣
ε=0

= −q2, and ψ2 =
∂q∗2
∂ε

∣∣∣∣
ε=0

= q1. (2.92)

Applying Noether’s theorem, we have

p1 (−q2) + p2q1 = const, (2.93)

which is the angular momentum of the particle about the origin.

Example 2.6.3 (Free Relativistic Particle in (1 + 1) Dimensions)
In special relativity, the action J for a free particle of mass m moving in
one spatial dimension is proportional to the proper time elapsed along the
trajectory C:

J = −mc
∫
C

ds, (2.94)

where c is the speed of light and ds =
√
c2dt2 − dx2 is the infinitesimal

spacetime interval.
By factoring out dt and using coordinates (t, q) where t is the coordinate

time and q(t) is the spatial position, the action functional yields:

J [q] =

∫ t2

t1

(
−mc2

√
1− q̇2

c2

)
dt. (2.95)

The corresponding Lagrangian is:

L(q̇) = −mc2
√
1− q̇2

c2
. (2.96)

This Lagrangian possesses two symmetries: it is autonomous (independent
of t) and independent of q. Derive the associated conservation laws.

1. Spatial Symmetry: Since L does not depend on q, the Lagrangian is
invariant under t∗ = t, q∗ = q + ε. By Noether’s theorem, the conserved
quantity is:

p =
∂L

∂q̇
=

mq̇√
1− q̇2/c2

= γmq̇, (2.97)

where γ := (1 − q̇2/c2)−1/2 is the Lorentz factor. p is the relativistic mo-
mentum. In the limit q̇/c→ 0, we recover p ≈ mq̇.
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2. Temporal Symmetry: Since L does not depend on t, the Beltrami
identity gives the conserved Hamiltonian:

H = q̇
∂L

∂q̇
− L

=
mq̇2√

1− q̇2/c2
+mc2

√
1− q̇2

c2

=
mc2√

1− q̇2/c2
= γmc2 = E, (2.98)

which is the relativistic total energy. In the low-velocity limit, E ≈ mc2 +
1
2mq̇

2, where the Taylor expansion of the Lorentz factor about q̇ = 0 reads

γ =

(
1− q̇2

c2

)−1/2

= 1 +
1

2

q̇2

c2
+ . . . . (2.99)

2.7 General variation of a functional

We now derive the general variation of a functional, allowing simultaneous vari-
ation of the functions and the limits of integration. Consider a functional of the
form

J [u] =

∫ xb

xa

F (x, u, u′)dx, (2.100)

where u = (u1, u2, . . . , un) and u′ = (u′1, u
′
2, . . . , u

′
n). For each function ui, we

consider a varied function u∗i , and we simultaneously perturb the endpoints of
the integration interval. The distance between the original and varied configu-
rations is defined as

d(ui, u
∗
i ) := max |ui − u∗i |+max |u′i − u′∗i |+ ∥Ai −A∗

i ∥+ ∥Bi −B∗
i ∥, (2.101)

where ∥ · ∥ denotes the Euclidean norm. The boundary points and their varied
counterparts are

Ai =(xa, u
a
i ), A

∗
i = (xa + δxa, u

a
i + δuai ) and (2.102)

Bi =(xb, u
b
i ), B

∗
i = (xb + δxb, u

b
i + δubi ). (2.103)

Here, δxa and δxb are the variations of the endpoints of the interval, u
a
i = ui (xa)

and ubi = ui (xb) are the functions evaluated at the end points, and δuai and δubi
are the corresponding variations of ui at the boundaries.

Let

h = u∗ − u. (2.104)
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Then, the increment reads

∆J = J [u+ h]− J [u]

=

∫ xb+δxb

xa+δxa

F (x, u+ h, u′ + h′) dx−
∫ xb

xa

F (x, u, u′) dx

=

∫ xb

xa

[F (x, u+ h, u′ + h′)− F (x, u, u′)] dx

+

∫ xb+δxb

xb

F (x, u+ h, u′ + h′) dx

−
∫ xa+δxa

xa

F (x, u+ h, u′ + h′) dx (2.105)

The Taylor expansion up to the linear term, i.e., retaining only first-order terms
relative to

∑n
i=1 d (ui, u

∗
i ), we have

∆J ∼
∫ xb

xa

n∑
i=1

(
∂F

∂ui
hi +

∂F

∂u′i
h′i

)
dx+ F |x=xb

δxb − F |x=xa
δxa

=

∫ xb

xa

n∑
i=1

(
∂F

∂ui
− d

dx

∂F

∂u′i

)
hidx+

[
n∑

i=1

∂F

∂u′i
hi

]x=xb

x=xa

+ F |x=xb
δxb − F |x=xa

δxa (2.106)

Similarly, hi at each boundary can be expressed as

hi (xa) ∼ δuai − u′i (xa) δxa and (2.107)

hi (xb) ∼ δubi − u′i (xb) δxb. (2.108)

Then, plugging the above into (2.106) gives the general variation of the func-
tional J [u]:

dJ =

∫ xb

xa

n∑
i=1

(
∂F

∂ui
− d

dx

∂F

∂u′i

)
hidx

+

[
n∑

i=1

∂F

∂u′i
δui +

(
F −

n∑
i=1

u′i
∂F

∂u′i

)
δx

]x=xb

x=xa

. (2.109)

In the above, δx|x=xk
= δxk and δui|x=xk

= δuki , k = a, b.
Suppose the functional has an extremum for some curve ui joining the points

Ai and Bi. Then, the Euler equation is satisfied; thus, (2.109) becomes

dJ =

[
n∑

i=1

∂F

∂u′i
δui +

(
F −

n∑
i=1

u′i
∂F

∂u′i

)
δx

]x=xb

x=xa

(2.110)

or, in terms of the canonical variables,

dJ =

[
n∑

i=1

piδui −Hδx

]x=xb

x=xa

. (2.111)
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Note that Noether’s theorem is a special case of (2.111) when

δx = εϕ and (2.112)

δui = εψi. (2.113)

In the above, for small ε, Taylor expansion gives

x∗ = Φ(x, u; ε) = x+ ε ϕ(x, u, u′) + o(ε), (2.114)

u∗i = Ψi(x, u; ε) = ui + εψi(x, u, u
′) + o(ε). (2.115)

From the assumption J [u] being invariant under the transformation, we have
dJ = 0, i.e.,

dJ = ε

[
n∑

i=1

piψi −Hϕ

]x=xb

x=xa

= 0 (2.116)

or [
n∑

i=1

piψi −Hϕ

]
x=xa

=

[
n∑

i=1

piψi −Hϕ

]
x=xb

. (2.117)

Here, the arbitrariness of xa and xb yields Noether’s theorem:
∑n

i=1 piψi−Hϕ =
const.

2.8 Functionals depending on higher-order deriva-
tives

We now consider finding an extremum of a functional depending on higher-order
derivatives, e.g.,

J [u] =

∫ b

a

F
(
x, u, u′, . . . , u(n)

)
dx. (2.118)

The Taylor expansion of the corresponding the increment ∆J [h] reads

∆J [h] =J [u+ h]− J [u]

=

∫ b

a

[
F
(
x, u+ h, u′ + h′, . . . , u(n) + h(n)

)
− F

(
x, u, u′, . . . , u(n)

)]
dx

=

∫ b

a

(
∂F

∂u
h+

∂F

∂u′
h′ + . . .+

∂F

∂u(n)
h(n)

)
dx︸ ︷︷ ︸

=:dJ[h]

+ . . . . (2.119)

We seek a stationary point where the first variation vanishes, i.e., dJ [h] = 0.
Applying integration by parts repeatedly yields

dJ [h] =

∫ b

a

(
∂F

∂u
− d

dx

∂F

∂u′
+ . . .+ (−1)n dn

dxn
∂F

∂u(n)

)
h dx, (2.120)
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where boundary terms vanish under appropriate boundary conditions on h and
its derivatives (e.g., h(k)(a) = h(k)(b) = 0 for k = 0, 1, . . . , n − 1). From the
integration by parts

dJ [h] =

∫ b

a

(
∂F

∂u
− d

dx

∂F

∂u′
+ . . .+ (−1)n dn

dxn
∂F

∂u(n)

)
hdx (2.121)

we have the Euler equation as

0 =
∂F

∂u
− d

dx

∂F

∂u′
+

d2

dx2
∂F

∂u′′
+ . . .+ (−1)n dn

dxn
∂F

∂u(n)

=

n∑
k=0

(−1)k dk

dxk
∂F

∂u(k)
. (2.122)

For example, the total potential energy functional for the Euler-Bernoulli
beam theory reads

J [w] =

∫ L

0

F (x,w,w′, w′′) dx, (2.123)

where

F (x,w,w′, w′′) =
1

2
EI (w′′)

2 − qw. (2.124)

Here, w(x) is the transverse deflection, EI is the flexural rigidity, and q(x) is
the distributed transverse load. Then, the Euler equation

∂F

∂w
− d

dx

∂F

∂w′ +
d2

dx2
∂F

∂w′′ = 0 (2.125)

reduces to

d2

dx2

(
EI

d2w

dx2

)
= q. (2.126)

Example 2.8.1 (Displacement reconstruction) Suppose acceleration
data ad(t) is measured over the time interval [0, T ], together with known
displacements at the two endpoints u(0) = u0 and u(T ) = uT . Find the
displacement history u(t) whose second derivative best fits the acceleration
data in the least-squares sense.

The corresponding variational problem is

inf
u
J [u] =

1

2

∫ T

0

(
∂2u

∂t2
− ad

)2

dt, (2.127)

subject to the boundary conditions

u(0) = u0, u(T ) = uT ,
∂2u

∂t2
(0) = 0,

∂2u

∂t2
(T ) = 0. (2.128)



28 CHAPTER 2. CALCULUS OF VARIATIONS

The conditions ∂2u
∂t2 (0) =

∂2u
∂t2 (T ) = 0 express the assumption that the ac-

celeration vanishes at both endpoints, which is physically appropriate when
the motion begins and ends at rest under zero external forcing.

The integrand is F = 1
2

(
∂2u
∂t2 − ad

)2
, which depends on ∂2u

∂t2 but on

neither u nor ∂u
∂t . The Euler equation therefore reduces to

∂2

∂t2

(
∂2u

∂t2
− ad

)
= 0. (2.129)

Equation (2.129), together with the boundary conditions (2.128), has
the same structure as the simply supported Euler-Bernoulli beam under
distributed load and support settlements.

2.9 Lagrange multipliers

2.9.1 Constrained finite-dimensional minimization prob-
lem

Many optimization problems require the solution to satisfy one or more side
conditions. Here we consider the case in which every such subsidiary condition
takes the form of an equality constraint.

Let f : D → R be a real-valued C1 function defined on an open set D ⊂ Rn,
and let

g : Rn → Rm, m < n, (2.130)

be a C1 map whose m component functions g1, . . . , gm define the equality con-
straints. The condition m < n ensures that the feasible set is not empty. The
constrained minimization problem then reads

min
x∈D

g(x)=0

f(x). (2.131)

That is, we seek a minimizer within the subset of D defined by g(x) = 0.

Theorem 2.9.1 (Lagrange Multiplier) Let x0 ∈ D be a local minimizer of
problem (2.131), and suppose

rank

(
∂gi
∂xj

(x0)

)
= m (2.132)

holds. Then there exists λ0 ∈ Rm such that

df(x0)[h] + λ0,idgi(x0)[h] = 0, ∀h ∈ Rn. (2.133)

We call λ0 the Lagrange multiplier.
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Since g : Rn → Rm is C1 and the Jacobian has full rank at x0, condi-
tion (2.132) guarantees that, after a possible relabeling of coordinates, them×m
submatrix

Fij :=
∂gi
∂yj

(x0), i, j = 1, . . . ,m, (2.134)

is non-singular, i.e., detF ̸= 0. Here we have partitioned x = (y, z) with y ∈ Rm

and z ∈ Rn−m.
By the Implicit Function Theorem (Theorem 1.6.1), there exist a neighbor-

hood B ⊂ Rn−m of z0 and a unique C1 map φ : B → Rm such that φ(z0) = y0
and

g(φ(z), z) = 0, ∀z ∈ B. (2.135)

The constraint surface is thereby parametrized locally by the free variables z,
and the constrained problem (2.131) reduces to the unconstrained problem

min
z∈B

f̂(z), f̂(z) := f(φ(z), z). (2.136)

Since x0 = (y0, z0) is a local minimizer of the constrained problem, z0 is a local

minimizer of f̂ . A necessary condition is

0 =
∂f̂

∂zl
(z0)

=
∂f

∂yk
(x0)

∂φk

∂zl
(z0) +

∂f

∂zl
(x0), l = 1, . . . , n−m. (2.137)

Differentiating (2.135) with respect to zl and applying the chain rule gives

∂gi
∂yk

(x0)
∂φk

∂zl
(z0) +

∂gi
∂zl

(x0) = 0, i = 1, . . . ,m, (2.138)

which, by the non-singularity of ∂gi/∂yk = Fik, yields the IFT sensitivity for-
mula

∂φk

∂zl
(z0) = −F−1

kj (x0)
∂gj
∂zl

(x0). (2.139)

Now define

λ0,j := −
∂f

∂yj
(x0)F

−1
kj (x0). (2.140)

Substituting (2.139) into (2.137) gives

− ∂f

∂yk
(x0)F

−1
kj (x0)︸ ︷︷ ︸

=λ0,j

∂gj
∂zl

(x0) +
∂f

∂zl
(x0) = 0, (2.141)

which, by (2.140), reads

∂f

∂zl
(x0) + λ0,j

∂gj
∂zl

(x0) = 0, l = 1, . . . , n−m. (2.142)
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On the other hand, the definition (2.140) can be rewritten as

∂f

∂yk
(x0) + λ0,j

∂gj
∂yk

(x0) = 0, k = 1, . . . ,m. (2.143)

Combining (2.142) and (2.143) and recalling x = (y, z), we obtain

∂f

∂xi
(x0) + λ0,j

∂gj
∂xi

(x0) = 0, i = 1, . . . , n, (2.144)

or equivalently df(x0)[h] + λ0,idgi(x0)[h] = 0, ∀h ∈ Rn.
Now, define the Lagrangian

L(x, λ) := f(x) + λigi(x), (2.145)

where λ = (λ1, . . . , λm)T ∈ Rm are the Lagrange multipliers. The first-order op-
timality conditions (2.133) and the constraints are then equivalent to requiring
that L be stationary with respect to all of its arguments:

∂L

∂xi
(x0, λ0) =

∂f

∂xi
(x0) + λ0,j

∂gj
∂xi

(x0) = 0, i = 1, . . . , n, (2.146)

∂L

∂λj
(x0, λ0) = gj(x0) = 0, j = 1, . . . ,m. (2.147)

Equation (2.146) reproduces the Lagrange multiplier condition (2.133), and
equation (2.147) recovers the original constraints. The Lagrangian therefore
replaces the constrained minimization problem (2.131) by the problem of find-
ing a stationary point of L over Rn × Rm.

Note that an alternative sign convention defines the Lagrangian as

L(x, µ) := f(x)− µigi(x), (2.148)

where µi are the Lagrange multipliers. The two conventions are related by
µ = −λ and yield the same minimizer x0; only the sign of the multiplier changes.

Example 2.9.1 (Closest point on a line) Find the point on the line
x1 + x2 = 1 closest to the origin, i.e.,

min
x∈R2

g(x)=0

f(x) := x21 + x22, g(x) := x1 + x2 − 1 = 0. (2.149)

The Lagrangian is

L(x, λ) = x21 + x22 + λ(x1 + x2 − 1). (2.150)

Setting the partial derivatives to zero gives three equations in three un-
knowns (x1, x2, λ):

∂L

∂x1
= 2x1 + λ = 0, (2.151)

∂L

∂x2
= 2x2 + λ = 0, (2.152)

∂L

∂λ
= x1 + x2 − 1 = 0. (2.153)
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From (2.151) and (2.152), x1 = x2 = −λ/2. Substituting into (2.153):

−λ
2
− λ

2
= 1 =⇒ λ0 = −1, x0 =

(
1
2 ,

1
2

)
. (2.154)

For fixed λ, the Hessian of L with respect to (x, y) is

∇2
(x,y)L =

(
2 0
0 2

)
. (2.155)

Thus, L is strictly convex in the primal variables for every λ.
Substituting x(λ) = y(λ) = −λ/2 into L, we have

g(λ) := inf
x,y

L(x, y, λ) = L
(
−λ

2 ,−
λ
2 , λ

)
= 2 · λ

2

4
+ λ

(
−λ
2
− λ

2
− 1

)
= −λ

2

2
− λ. (2.156)

Since g′′(λ) = −1 < 0, the dual function is strictly concave.

2.9.2 Constrained variational problems

We now extend the Lagrange multiplier method from finite-dimensional opti-
mization to the variational setting, in which the objective is a functional and
the constraint is imposed through another functional.

Theorem 2.9.2 (Lagrange multiplier for the isoperimetric problem) Let
the objective functional be

J [u] =

∫ b

a

F (x, u, u′)dx, (2.157)

where the admissible functions satisfy the boundary conditions

u(a) = A and u(b) = B (2.158)

and the isoperimetric constraint

K[u] =

∫ b

a

G(x, u, u′)dx = ℓ, (2.159)

with l a prescribed constant. Suppose J [u] attains an extremum at an admissible
function u∗ subject to (2.159), and that u∗ is not an extremal of K[u]. Then
there exists a constant λ such that u∗ is an extremal of the augmented functional

L[u] :=

∫ b

a

(F + λG) dx. (2.160)

That is, u∗ satisfies the Euler equation

∂F

∂u
− d

dx

∂F

∂u′
+ λ

(
∂G

∂u
− d

dx

∂G

∂u′

)
= 0. (2.161)
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The general solution of (2.161) contains two arbitrary constants of integra-
tion together with the multiplier λ. These three unknowns are determined by
the two boundary conditions (2.158) and the subsidiary condition (2.159).

Example 2.9.2 (Catenary prolem with fixed length) A chain of
uniform linear mass density ρ and prescribed arc length ℓ hangs under
gravity g between two supports at (0, y0) and (L, y1). Find the equilibrium
shape by minimizing the gravitational potential energy subject to the
arc-length constra int.

The potential energy of the chain is

J [y] =

∫ L

0

ρgy
√
1 + y′2dx, (2.162)

and the arc-length constraint is

C[y] =

∫ L

0

√
1 + y′2dx = ℓ, (2.163)

with boundary conditions y(0) = y0 and y(L) = y1.
Introducing a Lagrange multiplier λ for the arc-length constraint, the

augmented functional is

L[y, λ] =

∫ L

0

(ρgy + λ)
√

1 + y′2dx. (2.164)

The integrand F (y, y′) = (ρgy + λ)
√

1 + y′2 depends on y and y′ but not
explicitly on x. Then, the Beltrami identity gives

F − y′ ∂F
∂y′

= (ρgy + λ)
√

1 + y′2 − (ρgy + λ)
y′2√
1 + y′2

= c1. (2.165)

Combining over a common denominator yields

ρgy + λ√
1 + y′2

= c1. (2.166)

Define a := c1/(ρg) and b := −λ/(ρg). Then (2.166) becomes

y − b√
1 + y′2

= a. (2.167)

The above equation has a general solution of

y(x) = a cosh

(
x− x0
a

)
+ b, (2.168)

The three constants a, b, and x0 are determined by the two boundary
conditions y(0) = y0, y(L) = y1, and the isoperimetric constraint C[y] = ℓ.
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Next, consider a constraint imposed pointwise rather than in integral form.

Theorem 2.9.3 (Finite Subsidiary Conditions) Let the objective be

J [u1, u2] =

∫ b

a

F (x, u1, u2, u
′
1, u

′
2)dx, (2.169)

where the admissible functions satisfy the boundary conditions

u1(a) = A1, u1(b) = B1,

u2(a) = A2, u2(b) = B2, (2.170)

and the pointwise constraint

g(x, u1, u2) = 0. (2.171)

Suppose J [u1, u2] has an extremum at the functions

u1 = u1(x) and u2 = u2(x), (2.172)

and that ∂g/∂u1 and ∂g/∂u2 do not vanish simultaneously at any point of (2.171).
Then there exists a function λ(x) such that (2.172) is an extremal of the aug-
mented functional

L[u1, u2] :=

∫ b

a

(F + λ(x)g) dx. (2.173)

That is, the extremal satisfies the Euler equations

∂F

∂u1
+ λ

∂g

∂u1
− d

dx

∂F

∂u′1
= 0, (2.174)

∂F

∂u2
+ λ

∂g

∂u2
− d

dx

∂F

∂u′2
= 0. (2.175)

The condition that ∂g/∂u1 and ∂g/∂u2 do not vanish simultaneously is the
analogue of the constraint qualification (2.132) in the finite-dimensional setting.
If both partial derivatives were to vanish at some point x = x0, the constraint
g(x0, u1, u2) = 0 would be insensitive to variations in u1 and u2 at that point,
and the multiplier λ(x0) would be undetermined. More precisely, the constraint
surface g = 0 defines u2 as a function of (x, u1) (or u1 as a function of (x, u2))
locally by the Implicit Function Theorem, provided at least one of ∂g/∂u1 or
∂g/∂u2 is nonzero. When both vanish, the constraint surface has a singular
point and the reduction to an unconstrained problem breaks down.

Exercise 2.9.1 (Support settlement) The principle of minimum potential
energy implies that the solution to a simple beam problem is the minimizer of
the following problem:

minM, M [w] =
1

2

∫ L

0

d2w

dx2
EI

d2w

dx2
dx−

∫ L

0

wqdx. (2.176)
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Here, q is an external load and w is an admissible function satisfying boundary
conditions:

w(0) = w(L) = 0 and (2.177)

EI
d2

dx2
w(0) = EI

d2

dx2
w(L) = 0. (2.178)

Now, consider a case when there is an additional support at x = L/2 with
a settlement ∆ ∈ R downward. Then, the above minimization problem can be
augmented by a Lagrange multiplier, where the Lagrangian L reads

L [λ,w] =M [w]− E [λ,w] , E [λ,w] = λ

∫ L

0

δ

(
x− L

2

)
[w +∆] dx. (2.179)

Here, λ ∈ R is called a Lagrange multiplier and δ
(
x− L

2

)
is Dirac delta. The

necessary conditions for the solution to the above problem are

0 = dλL [λ,w]
(
λ̃
)

= − λ̃
∫ L

0

δ

(
x− L

2

)
[w +∆] dx, ∀λ̃ and (2.180)

0 = dwL [λ,w] (w̃)

=

∫ L

0

d2w̃

dx2
EI

d2w

dx2
dx−

∫ L

0

w̃qdx− λ
∫ L

0

δ

(
x− L

2

)
w̃dx, ∀w̃. (2.181)

In the above, we have two equations, (2.180) and (2.181), and two unknowns:
w and λ. w̃ and λ̃ are the arbitrary directions or test functions.

(a) The strong form of the condition (2.180) is obtained by simply removing
the dependency of λ̃, i.e.,

w

(
L

2

)
+∆ = 0. (2.182)

Perform integration by parts on the condition (2.181) to obtain the strong
form: 

d2

dx2

[
EI

d2w

dx2

]
= q + λδ

(
x− L

2

)
, x ∈ (0, L)

w(0) = w(L) = 0

EI
d2

dx2
w(0) = EI

d2

dx2
w(L) = 0

. (2.183)

(b) Thus, the original problem reduces to solving (2.183) subject to (2.182).
Interpret the conditions (2.182) and (2.183) in the framework of analyz-
ing statically indeterminate structures via linear superposition of primary
structures. Explain the physical meaning of λ.

(c) Determine λ for the case q = 0.



Chapter 3

Source Inversion

3.1 Inverse problem

In this chapter, we consider an image deblurring problem as an illustrative ex-
ample of an inverse problem. Although the forward operator is not a partial
differential equation, the problem shares the essential features of typical inverse
problems: ill-posedness, the need for regularization, and the challenge of pa-
rameter selection. The presentation follows [Ghattas, 2015] and [Vogel, 2002]
closely.

Consider the following abstract problem:

d = Kp. (3.1)

Here, K is an operator mapping p to d, and typically represents a physical
process, often expressed as a differential equation. The variable d denotes the
data, measurements, or observables. We classify the associated problems as
follows:

• Forward problem: given K and p, find d.

• Inverse problem, Type A: given K and d, find p
(e.g., seismic inversion, deblurring problem, and control problem).

• Inverse problem, Type B : given p and d, find K
(e.g., imaging, system identification, and design problem).

In the inverse problem of Type A, p is the unknown to be reconstructed and
is called the parameter field ; it is typically a function or, after discretization,
a finite-dimensional vector. If the inverse operator K−1 exists and is readily
available, the problem reduces to p = K−1d, which is simply a forward solve
and is not the focus of these notes. The inverse problems of interest are ill-posed,
meaning that at least one of the following conditions of well-posedness, due to
Hadamard, fails:

• Existence: for all data d, there exists a parameter p satisfying d = Kp.

• Uniqueness: for all data d, the solution p is unique.

35



36 CHAPTER 3. SOURCE INVERSION

• Stability (continuous dependence on data): small perturbations in d re-
sult in small perturbations in p. Specifically, let p and q be parameters
corresponding to data d and f , respectively, i.e., d = Kp and f = Kq.
Stability requires the existence of a constant C > 0 such that

∥p− q∥∗ ≤ C∥d− f∥∗∗. (3.2)

3.2 Deblurring problem

As a model problem, we begin with image deblurring in one dimension. Let
p : [0, 1]→ R denote the unknown (true) image and d : [0, 1]→ R the observed,
blurred, and noisy data. The forward model is a Fredholm integral equation of
the first kind,

d(x) = (Kp)(x) + n(x)

:=

∫ 1

0

k(x− x′)p(x′) dx′ + n(x), x ∈ [0, 1], (3.3)

where n denotes additive measurement noise and the convolution kernel k is the
Gaussian

k(x) := C exp

(
− x2

2γ2

)
, C, γ > 0. (3.4)

The parameter γ controls the strength of blur: a larger γ yields a wider kernel,
so each output value averages p over a broader neighborhood. Equivalently,
the action of K can be examined in the frequency domain. Since the Fourier
transform of a Gaussian with standard deviation γ is a Gaussian with standard
deviation 1/γ, a larger γ narrows the transform of k in frequency, thereby at-
tenuating high-frequency components of p more aggressively. The operator K
thus acts as a low-pass filter, and γ governs the cutoff (Figure 3.1).Fourier transform of a Gaus-

sian k(x) is another Gaussian:

Fk (ω)

:=
1

√
2π

∫ ∞

−∞
k (x) eiωxdx

= γ exp

(
−
γ2ω2

2

)
,

where k(x) = exp
[
−x2/(2γ2)

]
.

(a) (b)

Figure 3.1: (a) Gaussian k(x) = C exp
[
−x2/(2γ2)

]
and (b) its Fourier transform

Fk (ω) = Cγ exp
[
−γ2ω2/2

]
.

Next, we examine which of the three well-posedness conditions fails for the
deblurring problem (3.3). The key structural property of the forward operator
K is compactness.
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Definition 3.2.1 (Compact operator) Let X and Y be Banach spaces. A
bounded linear operator K : X → Y is compact if every bounded sequence
{pn} ⊂ X has a subsequence whose image under K converges in Y . Equiv-
alently, K maps bounded sets in X to precompact sets in Y .

Namely, the range space of K is smaller than the Y .
A standard class of compact operators is provided by integral operators with

square-integrable kernels.

Definition 3.2.2 (Hilbert-Schmidt operator) Let k ∈ L2((0, 1) × (0, 1)).
The integral operator

(Kp)(x) :=

∫ 1

0

k(x, x′)p(x′) dx′ (3.5)

is called a Hilbert-Schmidt operator. Every Hilbert-Schmidt operator is compact
from L2(0, 1) to L2(0, 1).

Since the Gaussian kernel (3.26) is smooth and bounded on [0, 1] × [0, 1],
it belongs to L2((0, 1) × (0, 1)), and thus K in (3.3) is a compact operator on
L2(0, 1).

Lemma 3.2.1 (Riemann-Lebesgue) Let f ∈ L1(R). Then its Fourier trans-
form vanishes at infinity:

f̂(ω) :=

∫ ∞

−∞
f(x)e−iωx dx→ 0 as |ω| → ∞. (3.6)

Now, we check the well-posedness of the given operator K:

• Existence: Since K is compact, its range R(K) is not closed in L2(0, 1).
Consequently, there exist data d ∈ L2(0, 1) for which Kp = d has no
solution; existence fails in general.

• Uniqueness: The Gaussian kernel (3.26) is strictly positive, and K is in-
jective on L2(0, 1), i.e., N(K) = {0}. Hence, if a solution exists, it is
unique; uniqueness holds.

• Stability: Consider a perturbed problem K(p+ δp) = d+ δd, where δp is
the high-frequency perturbation

δp(x) := ε sin(ωx), ε > 0, ω = 1 · 2π, 2 · 2π, 3 · 2π, . . . . (3.7)

The corresponding perturbation in the data is

δd(x) = ε

∫ 1

0

k(x− x′) sin(ωx′) dx′. (3.8)

By the Riemann-Lebesgue lemma (Lemma 3.2.1), ∥δd∥L2 → 0 as ω →∞,
while ∥δp∥L2 = ε/

√
2 remains fixed. Therefore,

∥δp∥L2

∥δd∥L2

→∞ as ω →∞, (3.9)

and no finite constant C can satisfy the stability condition. Arbitrarily
small perturbations in the data thus correspond to arbitrarily large errors
in the recovered parameter.
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For numerical purposes, we discretize the problem d = Kp+n to d = Kp+n,
where d,p,n ∈ RN , K ∈ RN×N , and

Kij = hC exp

(
− (i− j)2h2

2γ2

)
, 1 ≤ i, j ≤ N. (3.10)

Here, h = 1/N is the mesh spacing, obtained by partitioning [0, 1] into N
uniform subintervals and applying the midpoint quadrature rule to the inte-
gral (3.3). Figure 3.2 illustrates the action of the Gaussian convolution operator
K.

(a) (b)

Figure 3.2: Gaussian blur with C = 1/(γ
√
2π), γ = 0.04. (a) Original image.

(b) Blurred image.

Note that the discretized problem is stable; however, the stability constant
grows as N increases. Equivalently, K becomes increasingly ill-conditioned as
N →∞, so that a small noise vector n can result in large errors in the recovered
p. In this sense, the ill-posedness of the original infinite-dimensional problem is
reflected in the ill-conditioning of its finite-dimensional discretization, with the
condition number of K growing without bound as N →∞.

Definition 3.2.3 (Condition number) Let K ∈ RN×N be a nonsingular ma-
trix. The condition number of K is defined as

κ(K) := ∥K∥∥K−1∥, (3.11)

where ∥ · ∥ denotes a matrix norm. When the spectral norm ∥K∥2 := σmax(K)
is used, the condition number takes the form

κ2(K) =
σmax(K)

σmin(K)
, (3.12)

where σmax and σmin are the largest and smallest singular values of K, respec-
tively. A matrix with large κ(K) is called ill-conditioned.

This instability has a natural interpretation: the Gaussian kernel acts as a
low-pass filter, attenuating high-frequency components of p at a rate controlled
by γ in (3.26). Inversion requires amplifying these attenuated components,
which amplifies noise catastrophically.
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Definition 3.2.4 (Singular Value Decomposition) Let F denote either R
or C, and let K ∈ Fm×n with p := min{m,n}. There exist unitary matrices

U = [u1, . . . ,um] ∈ Fm×m, V = [v1, . . . ,vn] ∈ Fn×n, (3.13)

and a rectangular diagonal matrix Σ = diag(σ1, . . . , σp) ∈ Rm×n with σ1 ≥
σ2 ≥ · · · ≥ σp ≥ 0, such that

K = UΣV† =

p∑
i=1

σi uiv
†
i . (3.14)

The σi are the singular values of K; the columns ui and vi are the left and right
singular vectors, respectively. When F = R, unitarity reduces to orthogonality
and (·)† reduces to (·)T .

Unlike the eigendecomposition, which requires K to be square and may yield
complex eigenvalues even for real matrices, the SVD exists for any K ∈ Fm×n

and its singular values are always real and nonnegative. For a symmetric positive
definite (SPD) matrix K ∈ Rn×n, the eigenvalues are real and positive, the
SVD coincides with the eigendecomposition, and σi = λi, U = V. The discrete
convolution matrix (3.10) is SPD, so these simplifications apply throughout.

The SVD also reveals the four fundamental subspaces ofK. Let r ≤ p denote
the rank of K, and partition

U =
[
Ur U0

]
, V =

[
Vr V0

]
, Σ =

[
Σr 0
0 0

]
, (3.15)

where Ur := [u1, . . . ,ur], U0 := [ur+1, . . . ,um], Vr := [v1, . . . ,vr], V0 :=
[vr+1, . . . ,vn], and Σr := diag(σ1, . . . , σr) ∈ Rr×r. Then K = UrΣrV

†
r, and

the four fundamental subspaces are

R(K) = col(Ur) ⊂ Fm, N(K) = col(V0) ⊂ Fn,

R(K†) = col(Vr) ⊂ Fn, N(K†) = col(U0) ⊂ Fm. (3.16)

The columns of U form an orthonormal basis for Fm and the columns of V form
an orthonormal basis for Fn. The action of K is completely characterized: it
maps vi 7→ σiui for i ≤ r and annihilates vi for i > r.

In the context of the deblurring problem, K ∈ RN×N is SPD and hence
invertible, so r = N , U = V, and the null space is trivial; however, the singular
vectors vi associated with small σi correspond to high-frequency modes that
are nearly annihilated by K, making their recovery from noisy data unreliable.
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3.3 SVD-based approach

Since the discrete convolution matrix K is SPD, the SVD coincides with the
eigendecomposition and U = V. The naive solution to the inverse problem is

p =K−1d

=UΣ−1UTd

=

N∑
i=1

σ−1
i

(
uT
i d
)
ui

=ptrue +

N∑
i=1

σ−1
i

(
uT
i n
)
ui. (3.17)

The last equation shows that the noise contribution uT
i n is amplified by σ−1

i .
Since the singular values decay rapidly (Figure 3.3), the high-frequency compo-
nents of n, which correspond to small σi, are amplified catastrophically, render-
ing the naive inversion unstable.

The remedy is to suppress the contributions from small singular values. The
truncated singular value decomposition (TSVD) replaces the exact inverse by
the filtered expansion

p =

N∑
i=1

ΩTSVD

(
σ2
i

)
σ−1
i

(
uT
i d
)
ui, (3.18)

where the filter function ΩTSVD is defined by

ΩTSVD

(
σ2
)
:=

{
1, σ2 ≥ α,
0, otherwise,

(3.19)

and α > 0 is the regularization parameter controlling the truncation threshold.
Terms corresponding to σ2

i < α are discarded, eliminating the catastrophic
amplification of high-frequency noise at the cost of losing the corresponding
signal components.

(a) (b)

Figure 3.3: Singular value decomposition of K. (a) Singular values. (b) Selected
singular vectors.
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3.4 Tikhonov regularization

Alternatively, the inverse problem can be formulated as an optimization prob-
lem. Given the noisy data dobs := Kptrue + n, find p such that

min
p

J(p) :=
1

2

∥∥Kp− dobs∥∥2 + α

2
∥p∥2 , (3.20)

where α > 0 is the regularization parameter and ∥ · ∥ denotes the L2(0, 1) norm,

∥a∥2 = (a, a) :=

∫ 1

0

a(x)2 dx. (3.21)

The first term penalizes the data misfit. The second term is called Tikhonov
regularization, which penalizes the L2 norm of p, with α controlling the trade-off
between fidelity to the data and regularity of the reconstruction.

The minimizer is characterized by the stationary point condition DJ(p)[p̃] =
0 for all p̃ ∈ L2(0, 1). Since p̃ is arbitrary, the Euler equation reads(

K†K + αI
)
p = K†dobs, (3.22)

where K† is the L2-adjoint of K, defined by (Kp, q) = (p,K†q) for all p, q ∈
L2(0, 1), and I is the identity operator. Since K is compact and I is not, the
operator K†K + αI is boundedly invertible for any α > 0; this is precisely the
regularizing effect of the Tikhonov term. For the convolution operator (3.3) with
the symmetric Gaussian kernel k(x) = k(−x), K is self-adjoint, i.e., K† = K.

Discretizing the Euler equation and solving for p gives(
KTK+ αI

)
p = KTdobs, i.e., p =

(
KTK+ αI

)−1
KTdobs. (3.23)

Substituting the SVD K = UΣUT (valid since K is SPD) and using UTU = I,
we obtain

p =
(
UΣ2UT + αUUT

)−1
UΣUTdobs

= U
(
Σ2 + αI

)−1
ΣUTdobs

=

N∑
i=1

σi
σ2
i + α

(
uT
i d

obs
)
ui. (3.24)

This is equivalent to the filtered expansion (3.18) with the Tikhonov filter func-
tion

ΩTIK

(
σ2
)
:=

σ2

σ2 + α
, (3.25)

which satisfies ΩTIK(σ
2)→ 1 as σ2 ≫ α and ΩTIK(σ

2)→ 0 as σ2 ≪ α, and thus
smoothly attenuates the contributions from small singular values. An important
practical advantage of Tikhonov regularization over TSVD is that the solution p
can be computed without explicit knowledge of the SVD of K, since the discrete
Euler equation is a linear system that can be solved by standard methods.
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Exercise 3.4.1 Show that the Gaussian blur

Kp(x) =

∫ 1

0

k(x− x′)p(x′)dx′, where

k(x) =C exp

(
− x2

2γ2

)
, C, γ > 0 (3.26)

is self-adjoint.

3.5 Regularization parameter choice

The choice of α is critical: too small a value yields an unstable reconstruction,
while too large a value suppresses signal and degrades accuracy. We discuss a
posteriori strategies for selecting α, both of which require solving the regularized
problem over a sequence of parameter values.

Let pα denote the filtered solution, either by TSVD or Tikhonov regular-
ization, with regularization parameter α, and let Kα denote the corresponding
filtered blur operator such that

K−1
α d := pα =

N∑
i=1

Ωα

(
σ2
i

)
σ−1
i

(
uT
i d
)
ui. (3.27)

The reconstruction error is defined as

eα :=pα − ptrue

=K−1
α (Kptrue + n)− ptrue, (3.28)

and is decomposed into a truncation error etruncα and a noise amplification error
enoiseα :

eα = etruncα + enoiseα , (3.29)

where

etruncα :=
(
K−1

α K− I
)
ptrue

=

N∑
i=1

(
Ωα

(
σ2
i

)
− 1
) (

uT
i ptrue

)
ui, (3.30)

enoiseα :=K−1
α n

=

N∑
i=1

Ωα

(
σ2
i

)
σ−1
i

(
uT
i n
)
ui. (3.31)

We show that both errors converge to zero as the noise level

δ := ∥n∥ (3.32)

goes to zero, for an appropriate choice of α.
For both TSVD and Tikhonov regularization,

Ωα

(
σ2
)
→ 1 as α→ 0, (3.33)
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which immediately implies∥∥etruncα

∥∥→ 0 as α→ 0. (3.34)

For the noise amplification error, define the noise amplification factor Aα(σ) :=
Ωα(σ

2)σ−1. We claim that

Aα(σ) ≤
1√
α

(3.35)

for all σ > 0 and α > 0.

• TSVD. If σ2 < α, then Ωα(σ
2) = 0 and the bound holds trivially. If

σ2 ≥ α, then Ωα(σ
2) = 1 and σ ≥

√
α, so

Aα(σ) = σ−1 ≤ 1√
α
. (3.36)

• Tikhonov. We seek the supremum of Aα(σ) = σ/(σ2+α) over σ > 0. The
stationarity condition reads

dAα

dσ
=

(σ2 + α)− 2σ2

(σ2 + α)2
=

α− σ2

(σ2 + α)2
= 0, (3.37)

yielding the unique critical point σ∗ =
√
α, which is a global maximum.

Evaluating,

Aα(σ
∗) =

√
α

2α
=

1

2
√
α
≤ 1√

α
. (3.38)

Applying this bound and the orthonormality of U, we obtain

∥∥enoiseα

∥∥ ≤ 1√
α

∥∥∥∥∥
N∑
i=1

(
uT
i n
)
ui

∥∥∥∥∥ =
δ√
α
. (3.39)

Thus, for α = δp with 0 < p < 2,∥∥enoiseα

∥∥→ 0 as δ → 0. (3.40)

Combining both estimates, the choice α = δp with 0 < p < 2 guarantees
∥eα∥ → 0 as δ → 0.

3.5.1 Discrepancy (Morozov) principle

The discrepancy principle selects the largest α such that the data misfit does
not exceed the noise level δ := ∥n∥. DefiningM(α) := ∥Kpα − d∥, the criterion
requires

M(α) ≤ δ. (3.41)

Thus, the above criterion avoids overfitting, i.e., fitting the noise rather than
the signal.
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We can show that for Tikhonov regularization such an α always exists, pro-
vided δ < ∥d∥. Using the eigendecomposition K = UΣUT , one obtains

Kpα − d =

N∑
i=1

(
σ2
i

σ2
i + α

− 1

)(
uT
i d
)
ui, (3.42)

and by orthonormality of U,

M2(α) =

N∑
i=1

(
σ2
i

σ2
i + α

− 1

)2 (
uT
i d
)2
. (3.43)

This expression shows that M is continuous and monotonically increasing in
α, with M(0) = 0 and M(α) → ∥d∥ as α → ∞. Hence, provided δ∥d∥, the
intermediate value theorem guarantees the existence of α such that M(α) = δ.

3.5.2 L-curve criterion

The L-curve criterion requires no knowledge of the noise level δ. For each α
in a prescribed sequence, one solves for pα and plots ∥Kpα − d∥ against ∥pα∥
on a log-log scale. The resulting curve is typically L-shaped, and the selected
α corresponds to the point of maximum curvature. This choice balances data
fidelity against solution stability: for α below the optimal value, the data misfit
decreases only marginally while ∥pα∥ grows substantially; for α above it, ∥pα∥
decreases only marginally while the misfit increases substantially.

Figure 3.4 shows a deblurring example using Tikhonov regularization with
varying α. Both the discrepancy principle and the L-curve criterion suggest
α ≈ 10−2, which yields a reasonable reconstruction (panel (g)). For α = 10−3,
the regularization is too weak and the reconstruction is dominated by noise
amplification (panel (e)). Regularization with α = 100 over-smooths the recon-
struction (panel (h)).
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 3.4: Deblurring example. (a) Original image. (b) Blurred image with
noise. (c) Discrepancy plot. (d) L-curve plot. (e) Deblurred image with α =
1.0×10−3. (f) Deblurred image with α = 1.0×10−2. (g) Deblurred image with
α = 1.0× 10−1. (h) Deblurred image with α = 1.0× 100.

3.6 Image deblurring in two dimension

Consider a 2D image of standard definition, i.e., Nx × Ny = 720 × 480 pixels,
giving N = NxNy = 345,600 unknowns. The 2D blurring operator K is an
N × N matrix with N2 ≈ 1.19 × 1011 entries. At 8 bytes per entry (64-bit
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floating point), explicit storage requires

8×N2 ≈ 8× 1.19× 1011 ≈ 9.5× 1011 bytes ≈ 953 GB, (3.44)

which is infeasible on standard hardware. Moreover, solving the Tikhonov nor-
mal equations (

KTK+ αI
)
p = KTd (3.45)

via Gaussian elimination requires O(N3) floating point operations. For N =
345,600, this amounts to

N3 ≈ 4.13× 1016 flops, (3.46)

which is computationally intractable. Both difficulties are resolved by exploiting
the separable structure of the 2D Gaussian kernel: the action of K on a vector
can be computed as successive 1D convolutions in the x- and y-directions. This
enables the use of iterative solvers such as the conjugate gradient method, which
requires only matrix-vector operation.

The conjugate gradient method solves the symmetric positive definite system

Ap = b, A := KTK+ αI, b := KTd, (3.47)

iteratively without forming A explicitly. Starting from an initial guess p(0),
each iteration requires one matrix-vector product with A. The algorithm is as
follows [Quarteroni et al., 2006]:

Algorithm 1 Conjugate gradient method for Ax = b

1: Set initial value x(0)

2: r(0) := b−Ax(0) ▷ initial residual
3: p(0) := r(0) ▷ initial search direction
4: for k = 0, 1, 2, . . . do

5: α(k) :=
∥r(k)∥2(

p(k)
)T

Ap(k)
▷ step length

6: x(k+1) := x(k) + α(k)p(k) ▷ update iterate
7: r(k+1) := r(k) − α(k)Ap(k) ▷ update residual
8: if ∥r(k+1)∥ ≤ ε ∥r(0)∥ then
9: break ▷ convergence criterion

10: end if

11: β(k) := −∥r
(k+1)∥2

∥r(k)∥2
▷ direction update coefficient

12: p(k+1) := r(k+1) − β(k)p(k) ▷ update search direction
13: end for
14: return x(k+1)

Figures 3.5 illustrates two-dimensional image deblurring. The original im-
age is convolved with a Gaussian kernel and contaminated with additive noise.
Tikhonov regularization recovers the essential features of the original image.
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(a) (b) (c)

Figure 3.5: Two-dimensional image deblurring with a binary image. (a) Original
image (Northern cardinal silhouette). (b) Blurred and noised image. (c) Re-
constructed image via Tikhonov regularization.
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Chapter 4

Parameter Field Inversion

4.1 Synopsis

We are interested in recovering system parameter fields from given input and
output data, i.e., a parameter field inversion. As a representative example, we
consider an inverse medium problem, in which we seek the spatial distribution
of material properties, such as the Lamé parameters, mass density, thermal
conductivity, or dielectric permittivity, of a physical system from boundary or
interior measurements of its response.

Problems of this type arise across a wide range of disciplines. In geophysics,
seismic waveform inversion recovers the elastic moduli and density of subsurface
formations from surface recordings of reflected and refracted waves. In medical
imaging, electrical impedance tomography seeks the conductivity distribution of
biological tissue from boundary voltage measurements. In structural engineer-
ing, non-destructive evaluation identifies damage or material degradation in
load-bearing components by inverting vibration or guided-wave measurements
for the local stiffness field.

Despite the diversity of the underlying physics, each of these problems shares
the similar mathematical structure. The inverse problem is formulated as a
minimization of a misfit functional, which quantifies the discrepancy between
the measured data and the response predicted from a trial parameter field. The
state field must satisfy a governing partial differential equation (PDE), which
enters the formulation as a constraint enforced through a Lagrange multiplier.
The resulting problem is therefore classified as a PDE-constrained optimization
problem.

As in the previous example of image deblurring, the inverse medium problem
requires the solution of a nonlinear optimization problem that, at best, exploits
gradient information. Computing the derivative of the misfit functional with
respect to the parameter field is therefore central to any practical inversion
algorithm. Four broad strategies are available.

• Direct sensitivity method. One differentiates the governing equation
with respect to the parameter field to obtain a sensitivity equation whose
solution yields the required gradient analytically.

• Finite differencing. Each component of the gradient is approximated by
perturbing the corresponding parameter entry and re-solving the forward

49
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problem. The implementation is straightforward, but the cost again scales
with the parameter dimension and the approximation is susceptible to
truncation and round-off errors.

• Adjoint method. An adjoint equation, derived from the optimality con-
ditions of the Lagrangian, is solved once to obtain the gradient with re-
spect to the entire parameter field. The computational cost is therefore
independent of the parameter dimension, making the adjoint method the
workhorse of large-scale PDE-constrained optimization.

• Automatic differentiation. The chain rule is applied systematically to
the discrete computational graph of the forward solver. In reverse mode,
automatic differentiation produces gradients at a cost comparable to that
of the adjoint method, although with larger memory overhead; it may be
viewed as an algorithmic implementation of the adjoint principle applied
at the discrete level.

In the deblurring problem, the forward operator was a linear convolution
and the misfit functional was quadratic in the unknown image; the gradient
was therefore available in closed form by direct differentiation. For the PDE-
governed problems treated in the remainder of this chapter, the parameter di-
mension is large and the forward map is defined only implicitly through the
solution of a differential equation. We accordingly develop the adjoint method
in detail.

4.2 Elliptic problem

4.2.1 Problem definition

We begin the discussion with a simple model elliptic problem. Given measured
data ud and a source term f , find the parameter field p by solving

min
p
J [u, p] , J [u, p] :=

1

2
(u− ud, u− ud)︸ ︷︷ ︸

=M [u]

+
α

2
(grad p, grad p)︸ ︷︷ ︸

=R[p]

, (4.1)

subject to the governing equation and the boundary condition div (p gradu) + f = 0 in Ω,
u = 0 on ΓD,
p gradu · n = 0 on ΓN

(4.2)

where ΓD ∪ ΓN = ∂Ω and the parameter field p belongs to the admissible set

W :=
{
p ∈ H1 (Ω) : p ≥ po > 0 in Ω

}
. (4.3)

Recall

(a, b) = (a, b)Ω =

∫
Ω
ab dΩ,

(a, b)Γ =

∫
Γ
ab dΓ,

where Γ = ∂Ω.

Here, the functionalM [u] is called the misfit functional and R [p] is the regu-
larization on the parameter field p. Specifically, we use the first-order Tikhonov
regularization:

R [p] =
α

2
(grad p, grad p) =

α

2

∫
Ω

|grad p|2 dΩ, (4.4)
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which penalizes oscillations in p while leaving the mean value unpenalized: the
null space of grad consists of constant functions, so spatially uniform shifts
incur no cost.

4.2.2 Lagrangian and necessary condition

We enforce the governing equation as a constraint using a Lagrange multiplier
(also called adjoint variable) v, which yields the Lagrangian functional

L [u, v, p] =M [u] +R [p] + E [u, v, p] . (4.5)

The constraint E [u, v, p] is the weak form of (4.2) tested against v,

E [u, v, p] = (p gradu, grad v)− (f, v) . (4.6)

Here, we have a symmetric functional setting for u ∈ U and v ∈ V such that

U = V =
{
u ∈ H1 (Ω) : u = 0 on ΓD

}
. (4.7)

The first-order necessary conditions (KKT conditions) require that the vari-
ations of the Lagrangian with respect to all three fields vanish:

duL [u, v, p] (ũ) = 0, ∀ ũ ∈ U, (4.8a)

dpL [u, v, p] (p̃) = 0, ∀ p̃ ∈W. (4.8b)

dvL [u, v, p] (ṽ) = 0, ∀ ṽ ∈ V, (4.8c)

The third necessary condition (4.8c) leads to the constraint, or the state
problem:

0 = (p gradu, grad ṽ)− (f, ṽ) . (4.9)

The first necessary condition (4.8a) gives the adjoint problem:

0 = (ũ, u− ud) + (p grad ũ, grad v) . (4.10)

The bilinear form (p gradu, grad v) is symmetric in u and v, so the state and
adjoint operators coincide. Notice that the adjoint problem is driven by the
misfit u − ud: if the state field were to match the data exactly, the right-
hand side would vanish and the adjoint variable would be trivially zero. The
corresponding strong form, i.e., the Euler equation, reads div (p grad v) + u− ud = 0 in Ω,

v = 0 on ΓD,
p grad v · n = 0 on ΓN .

(4.11)

Lastly, the second necessary condition (4.8b) gives the control problem:

0 = α (grad p̃, grad p) + (p̃ gradu, grad v) . (4.12)
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4.2.3 Gradient-based optimization and the adjoint method

The three necessary conditions are coupled and, once discretized, form a system
that is too large to store and factorize directly. We therefore adopt an iterative
algorithm to find the optimal p starting from an initial guess p(0). At each
iteration, the current estimate p(k) is updated by

p(k+1) = p(k) + sd(k), (4.13)

where d(k) is the search direction and s is the step length. Several choices for
the search direction are available: setting d(k) to the negative gradient yields
the steepest descent method ; incorporating information from previous gradient
gives the nonlinear conjugate gradient method ; and retaining a limited history
of gradients leads to the L-BFGS method. All of these methods require the
gradient of the objective functional J with respect to the parameter field p.

The gradient can be approximated numerically by finite differencing, i.e.,

dpJ [. . . , p](p̃) ≈
J [. . . , p+ ϵp̃]− J [. . . , p]

ϵ
. (4.14)

In addition to the choice of a suitably small ϵ, this computation is problematic
because it requires N + 1 functional evaluations for N degrees of freedom in p.
Alternatively, the adjoint method obtains the gradient by a sequential evaluation
of the KKT conditions. Given a current estimate p(k), the gradient g(k) is
obtained as follows.

1. Solve the state problem for u(k):

0 =
(
p(k)gradu(k), grad ṽ

)
− (f, ṽ) , ∀ṽ ∈ V. (4.15)

2. Solve the adjoint problem for v(k):

0 =
(
p(k)grad ũ, grad v(k)

)
+
(
ũ, u(k) − ud

)
, ∀ũ ∈ U. (4.16)

3. Evaluate the gradient equation for g(k):(
g(k), p̃

)
= α

(
grad p̃, grad p(k)

)
+
(
p̃ gradu(k), grad v(k)

)
, ∀p̃ ∈W.

(4.17)

Notice that the right-hand side of (4.17) is in general nonzero away from the
optimum; it vanishes precisely when the KKT conditions (4.8) are satisfied.
Strictly speaking, the right-hand side defines a linear functional on W , i.e., an
element of the dual spaceW ∗. The function g(k) ∈W is its Riesz representation
with respect to the L2 inner product, i.e.,{

g(k) = −α div grad p(k) + gradu(k) · grad v(k), x ∈ Ω
p̃ = 0 or grad p(k) = 0, x ∈ Γ.

(4.18)

Upon finite element discretization, this amounts to solving a mass-matrix system
Mg(k) = r(k), where r(k) is the assembled right-hand-side vector.

Overall, the adjoint method computes the gradient at a cost independent of
the parameter dimension, and the resulting expressions are exact at the contin-
uous level; approximation enters only through the finite element discretization
of the function spaces.
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Algorithm 2 Steepest descent method

1: Choose initial guess p(0) ∈W and tolerance ε > 0
2: Compute gradient direction g(0) via (4.17)
3: for k = 0, 1, 2, . . . do
4: if

∥∥g(k)∥∥ ≤ ε then
5: break ▷ convergence
6: end if
7: d(k) := −g(k) ▷ search direction
8: Determine step length s(k) > 0
9: p(k+1) := p(k) + s(k) d(k) ▷ update parameter field

10: Compute gradient direction g(k+1) via (4.17)
11: end for
12: return p(k)

Algorithm 3 Nonlinear conjugate gradient method

1: Choose initial guess p(0) ∈W and tolerance ε > 0
2: Compute gradient direction g(0) via (4.17)
3: d(0) := −g(0) ▷ initial search direction
4: for k = 0, 1, 2, . . . do
5: if

∥∥g(k)∥∥ ≤ ε then
6: break ▷ convergence
7: end if
8: Determine step length s(k) > 0
9: p(k+1) := p(k) + s(k) d(k) ▷ update parameter field

10: Compute gradient direction g(k+1) via (4.17)

11: β(k+1) :=

(
g(k+1), g(k+1)

)(
g(k), g(k)

) ▷ Fletcher–Reeves

12: d(k+1) := −g(k+1) + β(k+1) d(k) ▷ update search direction
13: end for
14: return p(k)
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4.2.4 Step length criteria

The gradient determines the search direction, but the step length remains to be
chosen. Given a descent direction d(k), a line search seeks a step length s > 0
such that the update p(k+1) = p(k) + sd(k) produces a sufficient decrease in the
objective. A naive choice such as exact minimization,

s = argmin
s>0

J [p(k) + sd(k)], (4.19)

is generally impractical for PDE-constrained problems because each evaluation
of J requires the solution of the state equation. Instead, one enforces inexact
line search conditions that guarantee global convergence while requiring only a
modest number of functional evaluations per iteration.

Figure 4.1 illustrates the effect of the step length on convergence. A near-
optimal step length yields monotone decrease toward the minimizer, whereas an
excessively large step length overshoots, causing the iterates to oscillate about
the solution.

(a) (b)

Figure 4.1: Effect of step length on steepest descent. (a) Near-optimal step
length: the iterates converge monotonically. (b) Excessively large step length:
the iterates overshoot and oscillate.

Armijo condition (sufficient decrease of objective)

The step length s satisfies the Armijo condition if

J [p(k) + sd(k)] ≤ J [p(k)] + c1s
(
g(k), d(k)

)
, (4.20)

where c1 ∈ (0, 1) is a tolerance parameter (typically c1 = 10−4). The right-hand
side is the first-order Taylor expansion of J along d(k), scaled by c1; the condition
requires the actual reduction to be at least a fraction c1 of the predicted linear
decrease.

The Armijo condition alone does not prevent s from being arbitrarily small.
In practice, one combines it with a backtracking strategy [Quarteroni et al.,
2006]: starting from an initial trial step s̄, the step is repeatedly contracted by
a factor ρ ∈ (0, 1),

s← ρs, (4.21)
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until (4.20) is satisfied (See Algorithm 4). Each backtracking step requires one
evaluation of J , and hence one solve of the state equation. The backtracking
Armijo method is simple, inexpensive per trial step, and widely used in PDE-
constrained optimization.

Algorithm 4 Backtracking line search (Armijo)

Require: Descent direction d(k), current objective value J (k) := J [p(k)], direc-
tional derivative δ :=

(
g(k), d(k)

)
< 0

Require: Parameters s̄ > 0 (initial step), ρ ∈ (0, 1) (contraction factor), c1 ∈
(0, 1) (sufficient decrease parameter)

1: s := s̄
2: while J [p(k) + sd(k)] > J (k) + c1sδ do
3: s := ρs ▷ contract step length
4: end while
5: return s

Wolfe conditions (sufficient decrease of objective and its slope)

The Wolfe conditions augment (4.20) with a curvature condition that prevents
the accepted step from being too short:

J [p(k) + sd(k)] ≤ J [p(k)] + c1s
(
g(k), d(k)

)
, (4.22)(

g(k+1), d(k)
)
≥ c2

(
g(k), d(k)

)
, (4.23)

where 0 < c1 < c2 < 1 (typical choices: c1 = 10−4, c2 = 0.9 for Newton
and quasi-Newton methods, c2 = 0.1 for nonlinear conjugate gradient). The
curvature condition (4.23) requires the directional derivative at the new iterate
to be less negative than at the current iterate, ensuring that the step is not
accepted in a region where the objective is still steeply decreasing. A more
restrictive variant, the strong Wolfe condition, replaces (4.23) with∣∣∣(g(k+1), d(k)

)∣∣∣ ≤ c2 ∣∣∣(g(k), d(k))∣∣∣ , (4.24)

which additionally excludes points where the directional derivative is large and
positive.

4.2.5 Newton method

Gradient-based algorithms, such as descent methods, approximate a functional
by a linear model at each iteration around the current iterate. The resulting
linear model determines a descent direction but not a step length, since a linear
functional is unbounded below along any descent direction. Consequently, a
separate line-search or step-length selection procedure is required.

In contrast, Newton’s method approximates the functional by a quadratic
model at each iteration (Figure 4.2). Under appropriate conditions, this quadratic
model admits a unique minimizer that is analytically computable, yielding both
the search direction and the step length simultaneously.
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(a) (b)

Figure 4.2: Comparison of steepest descent and Newton’s method. (a) Steepest
descent provides only a search direction; the step length must be determined by a
separate line search. (b) Newton’s method determines both the search direction
and a natural step length from the local quadratic model of the objective.

Constructing such a quadratic model requires both the first and second
derivatives of the functional. Suppose the stationary condition for a minimiza-
tion problem is

dpJ [p](p̃) = 0, ∀ p̃. (4.25)

Given a current iterate p(k), we seek an update p̂ such that p(k+1) = p(k) + p̂.
Linearizing the stationary condition about p(k) via a first-order Taylor expansion
yields

0 = dpJ [p
(k) + p̂](p̃)

≈ dpJ [p(k)](p̃) + d2pJ [p
(k)](p̂, p̃), ∀p̃. (4.26)

Thus, the update p̂, which encodes both the search direction and the step length,
is obtained by solving the above linear problem.

We now apply the approach in the KKT condition (4.8). Letting [. . .] denote
[u, v, p], we have

0 = duL [. . .] (ũ) + duduL [. . .] (ũ, û) + dpduL [. . .] (ũ, p̂) + dvduL [. . .] (ũ, v̂) , (4.27a)

0 = dpL [. . .] (p̃) + dudpL [. . .] (p̃, û) + dpdpL [. . .] (p̃, p̂) + dvdpL [. . .] (p̃, v̂) , (4.27b)

0 = dvL [. . .] (ṽ) + dudvL [. . .] (ṽ, û) + dpdvL [. . .] (ṽ, p̂) + dvdvL [. . .] (ṽ, v̂) . (4.27c)

For the model problem, the above equations read (∇ = grad )(
ũ, û(k)

)
+
(
p̂(k)∇ũ,∇v(k)

)
+
(
p(k)∇ũ,∇v̂(k)

)
= −

(
p(k)∇ũ,∇v(k)

)
−

(
ũ, u(k) − ud

)
,(

p̃∇û(k),∇v(k)
)

+α
(
∇p̃,∇p̂(k)

)
+
(
p̃∇u(k),∇v̂(k)

)
= −α

(
∇p̃,∇p(k)

)
−

(
p̃∇u(k),∇v(k)

)
,(

p(k)∇û(k),∇ṽ
)

+
(
p̂(k)∇u(k),∇ṽ

)
= −

(
p(k)∇u(k),∇ṽ

)
+ (f, ṽ) .

(4.28)

Removing the dependence on the test functions ũ, p̃, ṽ, the above system can
be written as F A† B†

A D C†

B C 0

û(k)p̂(k)

v̂(k)

 = −

gugp
gv

 . (4.29)
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We would never attempt to store and factorize the matrix in (4.29). Instead,
we solve the state and adjoint problems sequentially so that, for a given p(k),
we find u(k) and v(k) satisfying gu = gv = 0. The first and last block rows can
then be condensed out, since:

Bû(k) = −Cp̂(k), (4.30)

B†v̂(k) = −Fû(k) −A†p̂(k). (4.31)

Substituting into the second block row yields the reduced Newton system

Hp̂(k) = −gp, (4.32)

where

H = D + C†B−† (FB−1C −A†)−AB−1C. (4.33)

The action of the reduced Hessian on a trial direction p̂(k) is therefore computed
sequentially as follows.

1. Solve the incremental state problem for û(k):

Bû(k) = −Cp̂(k). (4.34)

2. Solve the incremental adjoint problem for v̂(k):

B†v̂(k) = −Fû(k) −A†p̂(k). (4.35)

3. Evaluate the reduced Hessian action:

Hp̂(k) = Aû(k) +Dp̂(k) + C†v̂(k). (4.36)

The Newton method requires the reduced Hessian H to be positive definite,
which is not guaranteed away from the solution. Two strategies are commonly
used to address this difficulty.

The first is the Gauss-Newton method, in which the second-order adjoint
terms involving A and A† are dropped from H. The resulting approximation

HGN = D + C†B−†F B−1C (4.37)

is symmetric positive definite by construction, so the conjugate gradient (CG)
method can always be applied. The trade-off is that quadratic convergence is
lost; Gauss–Newton converges superlinearly or linearly, depending on the size
of the residual at the solution.

The second is the truncated Newton method, in which one solves the full
Newton system with CG but terminates early if a direction of non-positive cur-
vature is encountered, i.e., if d⊤Hd ≤ 0 for some CG iterate d. The truncated
step is then used within a trust-region framework to ensure global convergence.
This approach retains the full Hessian information when it is beneficial and ef-
fortlessly degrades to a gradient or Gauss-Newton-like step when H is indefinite.

Algorithm 5 summarizes the truncated Newton-CG procedure for solving
the discretized reduced Hessian system Hp̂ = −gp.

In practice, both the Gauss–Newton and truncated Newton methods are
combined with a backtracking line search using an initial step length of 1, since
neither method solves the Newton system exactly.
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Algorithm 5 Truncated Newton-CG method for Hp̂ = −gp

1: Set initial value p̂(0)

2: r(0) := −gp −Hp̂(0) ▷ initial residual
3: d(0) := r(0) ▷ initial search direction
4: for k = 0, 1, 2, . . . do

5: κ(k) :=
(
d(k)

)†
Hd(k) ▷ curvature along search direction

6: if κ(k) ≤ 0 then
7: return p̂(k) ▷ negative curvature detected; truncate
8: end if

9: α(k) :=
∥r(k)∥2

κ(k)
▷ step length

10: p̂(k+1) := p̂(k) + α(k)d(k) ▷ update iterate
11: r(k+1) := r(k) − α(k)Hd(k) ▷ update residual
12: if ∥r(k+1)∥ ≤ ε ∥r(0)∥ then
13: return p̂(k+1) ▷ convergence criterion
14: end if

15: β(k) := −∥r
(k+1)∥2

∥r(k)∥2
▷ direction update coefficient

16: d(k+1) := r(k+1) − β(k)d(k) ▷ update search direction
17: end for
18: return p̂(k+1)

Exercise 4.2.1 Let B be invertible, F = F † ⪰ 0, D = D† ≻ 0, and let A, C
be arbitrary matrices of compatible dimensions. Define

H := D + C†B−†(FB−1C −A†)−AB−1C, (4.38)

HGN := D + C†B−†F B−1C. (4.39)

Show that H is symmetric and HGN is symmetric positive definite.

4.3 Hyperbolic problem

In seismic source reconstruction or subsurface imaging, the governing PDE is
in general a wave equation. For example, the governing PDE of interest is

div [µ gradu]− ρ∂
2u

∂t2
+ f = 0, (x, t) ∈ Ω× J,

u = 0, (x, t) ∈ Ω× {0},
∂u

∂t
= 0, (x, t) ∈ Ω× {0},

u = 0, (x, t) ∈ ΓD × J,
µ gradu · n = 0, (x, t) ∈ ΓN × J,

(4.40)

where J := (0, T ] is the time interval. The group variable p = (µ, ρ) denotes the
material parameters, and v is the adjoint variable. The Lagrangian reads

L [u, v, p] =M [u] +R [p] + E [u, v, p] , (4.41)
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where the individual terms are

M [u] =
1

2

∫ T

0

(u− ud, u− ud) dt, (4.42)

R [p] =
αµ

2
(gradµ, gradµ) +

αρ

2
(grad ρ, grad ρ) , (4.43)

E [u, v, p] =

∫ T

0

[(
ρ
∂2u

∂t2
, v

)
+ b (u, v)− l (v)

]
dt. (4.44)

Here,

b (u, v) =

∫
Ω

µ gradu · grad vdΩ and (4.45)

l (v) =

∫
Ω

fvdΩ. (4.46)

Then, the adjoint method of finding the gradients are

1. Given p, solve the state problem for u:
u|t fixed ∈ U, u|t=0 = 0,

∂u

∂t

∣∣∣∣
t=0

= 0,(
ρ
∂2u

∂t2
, ṽ

)
+ b (u, ṽ) = l (ṽ) , ∀ ṽ|t fixed ∈ V, ∀t ∈ J,

(4.47)

where U = V :=
{
w ∈ H1(Ω) : w = 0 on ΓD

}
.

2. Given p and u, solve the adjoint problem for v:
v|t fixed ∈ U, v|t=T = 0,

∂v

∂t

∣∣∣∣
t=T

= 0,(
ρ
∂2v

∂t2
, ũ

)
+ b (v, ũ) = − (u− ud, ũ) , ∀ ũ|t fixed ∈ V, ∀t ∈ J

†,

(4.48)

where b (·, ·) is symmetric and J† = [0, T ).

3. Given p, u, and v, evaluate the gradient equations for gµ and gρ:

(µ̃, gµ) =αµ (grad µ̃, gradµ)

+

∫ T

0

(µ̃ gradu, grad v) dt, ∀µ̃ ∈W, (4.49)

(ρ̃, gρ) =αρ (grad ρ̃, grad ρ) +

∫ T

0

(
ρ̃
∂2u

∂t2
, v

)
dt, ∀ρ̃ ∈W, (4.50)

Exercise 4.3.1 Derive the Newton system for the Lagrangian (4.41), and state
the corresponding incremental problems whose solutions define the Hessian ac-
tion.
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4.4 Eigenvalue problem

We consider an optimization problem governed by a generalized eigenvalue prob-
lem. The state variable is the eigenpair (u, λ), where u is the eigenfunction and
λ the eigenvalue, satisfying{

u ∈ U \ {0}, λ ∈ R
a0(u, v) + λ a1(u, v) = 0, ∀v ∈ U. (4.51)

We assume that the sesquilinear forms a0 and a1 are Hermitian, i.e., ai(v, u) =
ai(u, v) for i = 0, 1, and depend on a design parameter p.

Introduce the grouped state variable u := (u, λ) and the grouped adjoint
variable v := (v, ξ), where v ∈ U is the adjoint eigenfunction and ξ is the
adjoint eigenvalue. The Lagrangian reads

L[u, v, p] =M [u] +R[p] + E[u, v, p], (4.52)

where M is the objective functional, R is the regularization, and the constraint
functional E is given by

E[u, v, p] = Re {a0(u, v) + λ a1(u, v)}+
ξ

2
[a1(u, u)− 1] . (4.53)

The first two terms enforce the eigenvalue equation through the adjoint variable
v, while the last term enforces the normalization constraint through the multi-
plier ξ. The normalization a1(u, u) = 1 fixes the magnitude of u but leaves a
residual phase (or sign) ambiguity, which is inconsequential when the objective
functional is invariant under u 7→ eiθu.

The adjoint problem reads: Given p and (u, λ), find (v, ξ) ∈ U ×R such that a0(ũ, v) + λ a1(ũ, v) + ξ a1(ũ, u) = −duM [u](ũ), ∀ũ ∈ U,

λ̃ a1(u, v) = −dλM [u]
(
λ̃
)
, ∀λ̃ ∈ R.

(4.54)

Since ũ and λ̃ are arbitrary, the adjoint system (4.54) admits the operator
representation (

A0 + λA1 A1u
u†A1 0

)(
v
ξ

)
=

(
−∇uM

−∂λM

)
, (4.55)

where A0 and A1 are the operators induced by a0 and a1, respectively, and
∇uM denotes the gradient of M with respect to u. The coefficient operator is
self-adjoint, reflecting the Hermitian symmetry of the underlying sesquilinear
forms.

The formulation extends to general polynomial eigenvalue problems:
u ∈ U \ {0}, λ ∈ C
N∑

k=0

λkak(u, v) = 0, ∀v ∈ U,
(4.56)

where the sesquilinear forms ak are assumed Hermitian. A normalization that
preserves the Hermitian structure of the adjoint problem is

N∑
k=1

kλk−1ak(u, u) = 1. (4.57)
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The constraint functional E is then given by

E[u, v, p] = Re

{
N∑

k=0

λkak(u, v)

}
+
ξ

2

[
N∑

k=1

kλk−1ak(u, u)− 1

]
. (4.58)

Define the polynomial operator and its derivative with respect to λ:

P (λ) :=

N∑
k=0

λkAk, P ′(λ) :=

N∑
k=1

kλk−1Ak. (4.59)

Taking variations of the Lagrangian with respect to ũ and λ̃ and invoking the
Hermitian symmetry of each ak, the adjoint system admits the operator repre-
sentation (

P (λ) P ′(λ)u
u†P ′(λ) 0

)(
v
ξ

)
=

(
−∇uM

−∂λM

)
. (4.60)

The coefficient operator is self-adjoint, since P (λ) and P ′(λ) are both self-adjoint
and the (1, 2) block P ′(λ)u is the conjugate transpose of the (2, 1) block u†P ′(λ).
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Chapter 5

Refinements

5.1 Partial observations and data filtering

5.1.1 Partial observations

In most physical applications, measurements are accessible only on a portion of
the domain boundary; non-destructive and non-invasive testing are representa-
tive examples in which direct internal access to the medium is either imprac-
tical or inadmissible. This situation arises in seismic imaging, where receivers
are confined to the free surface or to sparse boreholes; in electrical impedance
tomography, where currents and voltages are measured only through surface
electrodes; and in inverse heat conduction, where temperature is sensed on the
accessible face of a body while an inaccessible boundary condition is recon-
structed. The restriction may equally apply in time, when only a portion of the
recorded history is reliable or relevant, as with the early arrivals of a seismic
record. We model these restrictions by introducing a weight w(x, t) into the
misfit functional. For the model hyperbolic problem (4.41) this yields

M [u] :=
1

2

∫ T

0

∫
Ω

w(u− ud)2dΩdt. (5.1)

When data are available only on an accessible subregion Ωobs ⊆ Ω (or, for
boundary measurements, on Γobs ⊆ ∂Ω), the weight is one on that region and
zero elsewhere, independent of time,

w(x, t) =

{
1, x ∈ Ωobs,

0, otherwise.
(5.2)

For pointwise receiver data at locations xj , j = 1, . . . , Nobs, the weight reduces
to a sum of Dirac delta functions,

w(x, t) =

Nobs∑
j=1

δ(x− xj). (5.3)
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A restriction in time enters through the dependence on t. To retain only a time
interval [t1, t2], for instance the early arrivals,

w(x, t) =

{
1, t1 ≤ t ≤ t2,
0, otherwise,

0 ≤ t1 < t2 ≤ T. (5.4)

The corresponding adjoint problem reads: Given p and u, solve the adjoint
problem for v:

v|t fixed ∈ U, v|t=T = 0,
∂v

∂t

∣∣∣∣
t=T

= 0,(
ρ
∂2v

∂t2
, ũ

)
+ b (v, ũ) = − ((u− ud)w, ũ) , ∀ ũ|t fixed ∈ V, ∀t ∈ J

†.
(5.5)

5.1.2 Data filtering

The weights of the previous subsection act pointwise on the residual. A second
class of filters acts non-locally in time, through a convolution, and cannot be
expressed as a pointwise weight. Applied identically to the measured data ud
and the reconstructed data u, hence to the residual r := u − ud, such filters
serve for adaptive noise reduction or to emphasize a particular frequency com-
ponent for sequential use in multiscale inversion, such as frequency continuation
or band-pass selection. We write the filtered misfit in terms of a linear filter
operator F ,

M [u] :=
1

2

∫ T

0

∫
Ω

(Fr)2dΩdt. (5.6)

For example, a Gaussian low-pass filter with bandwidth parameter ωk can
be used for frequency continuation:

(Fr)(x, t) =
∫ T

0

g(t− s)r(x, s)ds, (5.7)

where

g(t) =
ωk√
2π
e−ω2

kt
2/2. (5.8)

Here, the kernel normalized so that
∫∞
−∞ g(t) = 1. A narrow band ωk cor-

responds to a wide kernel and strong temporal smoothing. A continuation
strategy begins with a small ω1, admitting only the low-frequency content of
the residual, and increases the bandwidth ω1 < ω2 < · · · across stages, each
initialized from the previous reconstruction, recovering the smooth background
before the high-frequency detail. As ωk →∞ the kernel tends to a Dirac delta
function and the unfiltered misfit is recovered.

The corresponding adjoint problem differs from (5.5) only in the source,
which is now filtered by F†F : Given p and u, solve the adjoint problem for v
such that

v|t fixed ∈ U, v|t=T = 0,
∂v

∂t

∣∣∣∣
t=T

= 0,(
ρ
∂2v

∂t2
, ũ

)
+ b (v, ũ) = −

(
F†F(u− ud), ũ

)
, ∀ ũ|t fixed ∈ V, ∀t ∈ J

†.

(5.9)
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Here F† is the adjoint of F in time, defined at each x by∫ T

0

(Fr)(x, t)q(x, t)dt =
∫ T

0

r(x, t)(F†q)(x, t)dt. (5.10)

Interchanging the order of integration gives the adjoint explicitly as a convolu-
tion with the reflected kernel,

(F†q)(x, t) =

∫ T

0

g(s− t)q(x, s)ds. (5.11)

The Gaussian kernel is even, g(s − t) = g(t − s), so F† = F and the filter
is self-adjoint. Consequently F†F = F2 amounts to applying the filter twice;
away from the record ends its kernel is the convolution g ∗ g,

(g ∗ g)(t) =
∫ ∞

−∞
g(τ)g(t− τ)dτ =

ω

2
√
π
e−ω2

kt
2/4, (5.12)

again a Gaussian kernel, with temporal width
√
2/ωk, wider than g by a factor√

2. Unlike the pointwise weight, the source F†F(u − ud) is non-local in time
and must be assembled from the entire residual history before the backward
solve.

The above multiscale inversion can be similarly achievevd using regulariza-
tion factor continuation scheme [Kucukcoban et al., 2019].

5.2 Discontinuous parameter fields

Recall the first-order Tikhonov regularization functional

RTIK[p] :=
α

2

∫
Ω

grad p(x) · grad p(x) dx, (5.13)

where α > 0 is a constant regularization parameter. First-order Tikhonov reg- The parameter α need not be
a global constant; it may be
taken as a spatially varying
function α(x), such that

RTIK[p]

:=
1

2

∫
Ω
α(x)∇p(x) · ∇p(x) dx,

in direct analogy with a spa-
tially varying diffusion coeffi-
cient in an elliptic PDE.

ularization requires p ∈ H1(Ω) and penalizes large gradients and so suppresses
sharp transitions. To see this explicitly, let

p(x) = ∆p θ(x− x0), (5.14)

where θ denotes the Heaviside step function and ∆p > 0 is the jump size at
x0 ∈ Ω. The distributional derivative is p′ = ∆p δ(x − x0). Since δ(x − x0) /∈
L2(Ω), one has RTIK[p] = +∞. The optimizer is therefore driven to replace any
sharp transition by a smooth ramp, producing a blurred reconstruction.

To recover jump-type solutions, one may instead penalize the total variation
of p, defined for smooth p as

RTV[p] := α

∫
Ω

√
grad p(x) · grad p(x) dx. (5.15)

For smooth p, one has
∫
Ω
|grad p| dx = ∥grad p∥L1(Ω). The L

1 norm admits the The dual representation of the
Lp norm is

∥f∥Lp(Ω) =

sup

{∫
Ω

fϕdx : ∥ϕ∥Lq(Ω) ≤ 1

}
,

where 1/p+ 1/q = 1.

dual representation

∥f∥L1(Ω) = sup

{∫
Ω

f(x)ϕ(x) dx : ∥ϕ∥L∞(Ω) ≤ 1

}
. (5.16)
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This representation extends to non-smooth p by transferring the derivative from
p onto a compact-supported test function ϕ via integration by parts.

For the step function p(x) = ∆pθ(x − x0) on Ω = (0, 1) with x0 ∈ (0, 1),
integration by parts recovers its distributional derivative:∫ 1

0

p′(x)ϕ(x)dx = [p(x)ϕ(x)]
1
0 −

∫ 1

0

p(x)ϕ′(x)dx

= −∆p
∫ 1

x0

ϕ′(x)dx = −∆p [ϕ(1)− ϕ(x0)]

= ∆pϕ(x0), (5.17)

where the boundary term [pϕ]10 and the value ϕ(1) vanish because ϕ has compact
support in (0, 1). Taking the supremum over ∥ϕ∥L∞ ≤ 1 gives

RTV[p] = α sup
∥ϕ∥L∞≤1

∆p ϕ(x0) = α∆p, (5.18)

which is finite. Thus, RTV admits jumps.

Example 5.2.1 (Tikhonov vs. Total Variation Regularization)
Consider the family of functions uϵ ∈ C1([−1, 1]) parameterized by ϵ > 0,
representing a smoothed jump:

uϵ(x) =


0 −1 ≤ x < −ϵ,
x+ ϵ

2ϵ
−ϵ ≤ x ≤ ϵ,

1 ϵ < x ≤ 1.

(5.19)

Evaluate the behavior of the Tikhonov (H1 semi-norm) regularization
penalty RTIK[uϵ] and the Total Variation penalty RTV[uϵ] as ϵ→ 0.

The classical derivative u′ϵ(x) exists almost everywhere and is given by
the bounded function

u′ϵ(x) =

0 x ∈ [−1,−ϵ) ∪ (ϵ, 1],
1

2ϵ
x ∈ (−ϵ, ϵ).

(5.20)

First, we compute the Tikhonov regularization penalty, which squares
the derivative:

RTIK[uϵ] =

∫ 1

−1

|u′ϵ(x)|2 dx

=

∫ ϵ

−ϵ

(
1

2ϵ

)2

dx =

(
1

4ϵ2

)
(2ϵ) =

1

2ϵ
. (5.21)

Taking the limit as the transition layer vanishes yields an infinite cost:

lim
ϵ→0

RTIK[uϵ] = lim
ϵ→0

1

2ϵ
=∞. (5.22)
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Next, we compute the Total Variation regularization penalty, which in-
tegrates the absolute value of the derivative:

RTV[uϵ] =

∫ 1

−1

|u′ϵ(x)| dx

=

∫ ϵ

−ϵ

∣∣∣∣ 12ϵ
∣∣∣∣ dx =

(
1

2ϵ

)
(2ϵ) = 1. (5.23)

Taking the limit as ϵ→ 0 yields a uniform bound independent of the edge
sharpness:

lim
ϵ→0

RTV[uϵ] = 1. (5.24)

Consequently, Tikhonov regularization penalizes sharp gradients exces-
sively and blows up for step-like discontinuities, whereas Total Variation
remains uniformly bounded and preserves sharp edges cleanly.

Because |grad p| is non-differentiable wherever grad p = 0, a smoothed sur-
rogate is introduced by replacing |grad p| with

√
|grad p|2 + ϵ2 for a small pa-

rameter ϵ > 0. This yields the smoothed total variation functional

Rϵ
TV[p] := α

∫
Ω

√
grad p(x) · grad p(x) + ϵ2 dx. (5.25)

As ϵ → 0+, Rϵ
TV[p] converges to RTV[p], while for any ϵ > 0 the functional

is Fréchet differentiable, which renders gradient-based optimization methods
applicable.

The directional derivative of the smoothed total variation functional in a
direction p̃ is

dpR
ϵ
TV[p](p̃) = α

∫
Ω

grad p · grad p̃√
grad p · grad p+ ϵ2

dx. (5.26)

Integration by parts gives

dpR
ϵ
TV[p](p̃) = − α

∫
Ω

grad ·

(
grad p√

grad p · grad p+ ϵ2

)
p̃ dx

+ α

∫
∂Ω

grad p · n√
grad p · grad p+ ϵ2

p̃ ds, (5.27)

so the L2 gradient is

gp = −α grad ·

(
grad p√

grad p · grad p+ ϵ2

)
, (5.28)

with the natural boundary condition grad p · n = 0 on ∂Ω.
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The second variation in directions p̃ and p̂ follows by differentiating the first
variation once more. Writing s[p] :=

√
grad p · grad p+ ϵ2,

d2pR
ϵ
TV[p](p̃, p̂) =α

∫
Ω

[
grad p̃ · grad p̂

s[p]
− (grad p · grad p̃)(grad p · grad p̂)

s[p]3

]
dx

=α

∫
Ω

grad p̃ ·A[p] grad p̂ dx, (5.29)

where the symmetric tensor field is

A[p] :=
1

s[p]

(
I − grad p⊗ grad p

s[p]2

)
. (5.30)

Integration by parts in p̃ gives the strong-form Hessian operator acting on p̂,

Hpp̂ = −α grad ·
(
A[p] grad p̂

)
, (5.31)

with the natural boundary condition A[p] grad p̂ · n = 0 on ∂Ω.

5.3 Bounded and discrete parameter fields

Many physical parameters, such as mass density of elastic moduli, are often
strictly positive. We therefore consider the bound-constrained problem

min
p
M [u(p)] subject to p(x) ≥ p0. (5.32)

Two strategies for imposing the constraint are presented: a logarithmic barrier,
which augments the objective with a penalty that grows without bound at the
constraint, and a nonlinear reparametrization, which removes the constraint by
construction.

5.3.1 Logarithmic barrier functional

The logarithmic barrier method replaces the inequality-constrained problem by

min
p
J [p] :=M [u(p)] +R[p] + Φ[p]. (5.33)

Here the barrier functional Φ[p] is defined with a barrier parameter µ > 0 by

Φ[p] := −µ
∫
Ω

log(p− p0)dx. (5.34)

This functional is finite only on the strictly feasible set p > p0, and it diverges to
+∞ as p approaches the bound, so any minimizer of J is automatically strictly
feasible. However, like any penalty term, the barrier may come to dominate the
objective and overshadow the misfit functional.

The logarithmic barrier functional is illustrated in Figure 5.1. The scalar
objective function p2 has a minimum at p = 0. The augmented function J [p] =
p2 − µ log(p− p0) restricts the feasible region to p > p0 = −1, and for µ = 3/2
its minimizer is relocated to p = 1/2.
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Figure 5.1: Logarithmic barrier functional for p > p0. The minimizer is shifted
by the barrier term, and the feasible region is highlighted in light gray.

The barrier enters the stationarity conditions only through the control equa-
tion, since it depends on p alone. Its first and second variations are

dpΦ[p](p̃) = −µ
∫
Ω

p̃

p− p0
dx and d2pΦ[p](p̃, p̂) = µ

∫
Ω

p̃p̂

(p− p0)2
dx, (5.35)

respectively. Forming the Lagrangian for (5.33) with adjoint variable v,

L[u, p, v] =M [u] +R[p] + E[u, p, v] + Φ[p], (5.36)

the Newton step at iteration k, in terms of the state, parameter, and adjoint
increments û(k), p̂(k), v̂(k), is the block systemF A† B†

A D + Z C†

B C 0

û(k)p̂(k)

v̂(k)

 = −

 gu
gp − µ(p− p0)−1

gv

 . (5.37)

Here

Z =
µ

(p− p0)2
. (5.38)

The additional terms related to the barrier grow without bound where p ap-
proaches p0 resulting the Newton system becomes increasingly ill-conditioned
near the active part of the constraint.

5.3.2 Nonlinear reparametrization

An alternative that avoids the ill-conditioning of the barrier is to choose a
parametrization of the field that satisfies the bound by construction, at the cost
of increased nonlinearity. Writing the parameter as

p = p0 + exp(q), (5.39)

and inverting for the unconstrained variable q ∈ R, the constraint p > p0 holds
automatically, since the exponential is strictly positive.

Figure 5.2 illustrates the exponential parameterization for the scalar objec-
tive function J [p] = p2. The constraint p > p0 = −1 is enforced through a new
parameter q via p = p0 + eq. Since eq > 0 for all q ∈ R, the feasible region
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Figure 5.2: Exponential reparameterization for p > p0. The feasible region
(highlighted in gray) for the new parameter q is R.

for q is the entire real line, while the bound p > p0 holds automatically. The
minimizer remains unchanged.

When the parameter space is binary, as is common in design problems, a
quasi-binary parametrization may be used instead,

p(q) =
pH − pL

2

[
1 + tanh

q

γ

]
+ pL. (5.40)

Here pL and pH are the prescribed low and high values, and γ controls the
sharpness of the transition between them: as γ → 0 the map approaches a step,
recovering the binary limit.
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