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Fundamental Considerations

e What is the best solution for a given problem ?
Needless to say, it is the exact solution...

e What is the exact solution?
The solution that satisfies the governing equations as well as boundary conditions if any.

e How many do the exact solutions exist?
Of course, one... In case several or infinite numbers of the exact solutions exist for a giv-
en equation, we call the problem as an ill-posed problem, and have great difficulties in

determining a solution of the given problem...

e \What if it is impossible to determine the exact solution for various reasons?

We need approximate solution.
e What is an approximate solution?

e Fundamental Questions
- What is the best approximation?

- How can we mathematically represent the best approximation?

e A Good (or Robust or Well Formulated) Approximation Should
- Yield the best approximation to the exact solution for a given degree of approxima-
tion.

- Converge to the exact solution as higher degree of approximation is employed.

e What is the Definition of the Best Approximation?
- May be defined as the closest solution to the exact solution.
- But, how close is “the closest”?
- “Close or Far” implies the distance between two spatial points.
- We should define some sort of ruler to measure the distance between two elements in

a function set...
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Norms of Functions: A measure of a function set

A function set v is said to be a normed space if to every f v there associated a

nonnegative real number | f||, called the norm of f, in a such way that
- |f||=0 ifandonlyif f=0
- |lef|| =l e[ f]| forany real number o.

- [+l <[f]+lgl

Every normed space may be regarded as a metric space, in which the distance between
any two elements in the space is measured by the defined norm. Various types of norm

can be defined for a function space. Among them the following norms are important.

- Lynorm: ||f||Ll :j|f|dv
\
- Lonorm: [f] = (] f7dv)"?
\

- Hbnorm: |[f[,, =(J(f*+Vf-Vf)dv)"?
\

Discretization

Representation of a continuously distributed quantities with some numbers.

f(X)= Zaigi (X) Vf(X)ewv where g;are the basis functions of a function set, v

i=1

Set : Collection of some objectives with the same characteristics

The basis functions should be linearly independent to each other.

> a0,(X)=0 ifandonlyifall a =0
i=1

Taylor series, Fourier series, etc...

Approximations - Truncation

f(X):Zn:aigi(X)z f“(X):Zm:aigi(X)euh cov where m<n

i=1 i=1

m
Summation Notation: Repeated indices denote summation Z:aibi =ab,.
i=1
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e General Ideas for the Best Approximation

Let’s find out a approximate function that is closest to the given function by use of a
norm defined in the function space. If this is the case, the characteristics of an approxima-

tion method depend on those of the norm used in the approximation.

e | east Square Error(LSE) Minimization

Error: e=f —f"
o 1,2 1 2 1
MmmaeH:EMh=EW—fwh=Eyf—fﬂﬂv

oIl of "
(=Y =—dV = | (f" = f)g,.dV
oo, J( )(3ak J( )9,

:J'gkzm:giaidv —J.gk fdv
% i=1 v

=3 [9.0.va, - [ g, faV =3 K,a, —F, =0 for k=1--m
i=lv v i-1

i=1
Final System Equation : Ka=F

If the basis functions are orthogonal, K becomes diagonal.

e Variation of a function
- The variation of a function means a possible change in the function for the fixed x.

A

f

N

of

5

Variation of a function

v

e Variational Calculus

- iff =a,0, then
the variation of f is defined as 6f =da,g; or by definition &f :aa—féai.
ai
R A Fy
oa of 0Oa, of

- 8(f +h)=35f +5h
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- 8(fh) = hdf + foh

df o df _d o dof
T e (% = e (G )=
dx " dx 08, dx

- 3f fdx=a—aij fdxda, = I%Saidx=j6fdx

Minimization by Variational Calculus
1I
Min TI(f")==[(f - f")%dx
(f" 4( )
1I 1I |
5H(f“)=5(—j(fh—f)zdx)z—jz‘)(f“— £)°dx=[ ("~ f)f "dx
0
|
=.([ - f)—dx8ak =~ %,

k

Min H(fh)=§j(f—f“)2dv©5n=o for all possible 5a,
\%

Euler Equation

|
MinH(f):jF(f, f’,x)dx:s?n=0 for all k

k

ol ! oF of aF af - OF
a:_jp(f £, x)dx =£ !(—— !a_ gk)dx
Lo
_oF d
= gko ! Ok — d )dx

In case the basis functions vanish at the boundary, then

|
a j(——iaF,) dx=0 forallk = " -9 F _g
aak 5 dx of of  dxof
oF oF d oF
SII(f) = jaF(f f/,x)dx = J.(—Bf o O o =af—8f j T

0

In case the variation vanishes at the boundaries, then

- M sa,.
oa

k

mﬁ)ﬂ——ya,

OF d oOF J'-_Fd
Oafd

Therefore,

Min Il < o8I1=0
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Example 1

Min TI(y) = [y1+(y)?dx subjectto y(x)=vy,, Y¥(X,)=Y,

oF d oF d, 6 o 2 d , N2y -1/2
2 dx(f’\/ +(y)%) dXY(+(Y))

d ’ ’ —. " A —. ! 1 1A — n,"
&y(1+(y)2) Y2 =y"+(y)) Vi +y (—E)(1+(y)2) Y2yl

(y)*

1+(y,)z)zy”(1+(y’) ) =0

— y!r(1+ (yr)Z)—1/2(1_

Yo=Y X + XY — XY,
X, =X X =X

y"=0—>y=ax+b. ByapplyingBC, y"=0—>y=

Example 2
|

Min H(u)=f(%(u')2—uf)dx subjectto u(0)=0, u(l)=0
0

ﬁ_i&F =—f —i( 0 E(u’)2)=—f —iu'z—f —-u"=0->u"+f=0
ou dxou’ dx ou' 2 dx

Homework 1

. Approximate a cosine function y:cosTnx by polynomials based the minimization of

the least square errors. Use polynomials up to the 20™ order. You may use a numerical in-
tegration algorithm such as Simpson’s rule, the trapezoidal rule or the rectangular rule.
You also need a numerical solver to solve linear simultaneous equations in the “Linpack”.
For the accuracy of your calculation, please use “double precision” in your program. You
should present proper discussions on your results together with some graphs that show your
approximate functions and the given function.

. Derive Euler equation for the following minimization function, and proper boundary condi-

tions.

|
Min TI(f)= [F(f, ', f",x)dx
0

. Derive the governing equation and the boundary conditions for the following problem.

l(dzw
2 dx?

Min TI(w) =j( )2 —wq)dx

Structural Analysis Lab.
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Clwapter 3
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3.1. Problems with homogenous displacement boundary conditions

e Problem Definition

du

® Approximation — Discretization
u"=>ag, where u"(0)=u"()=0

e Residuals

Verbal Definition : Something left over, or resulting from subtraction...
Equation Residual  : R = dd +f20 O<x<l

x?
Function Residual : R =u—-u"#0 O<x<I

e Error Estimator :

jR R dx——j(u u )( +f)dx

® Least Square Error

dZ h
:_j( ~u )( —+ f)dx
2uh _d?u
=_J.(u_ X2 d Z)dx
1 du” du du", du" du
="(u—-u - _ - - (——-—)(——-—)dx
( )( ) Zg(dx dx ) dx dx)
:_j(d_u_— d—u—dL)d = 1" <« Least Square Error
dx

e Energy Functional — Total Potential Energy

+ f)dx :—j(udzuh
I+I "dx — u“d}ﬂ| +J.du du’

u—u" d
0
|
1,1 df %
=={| (uf —u"f)dx+u —/—u"
Z{I( ) dx | /dx |, 9 /dx dx dx

du’ d“ e ju fdx) = C + T1%®

=—jufdx+( j .

Prof. Hae Sung Lee, http://strana.snu.ac.kr

dx}

Structural Analysis Lab.



Dept. of Civil and Environmental Eng., SNU

Minimization Problems

Min IT? < Min I1° < Min IT™® w.rt u" ev"

Min TI%®: Rayleigh-Ritz Method or Principle of Minimum Potential Energy

1% Order Necessary Condition for Minimization Problem

RR | h
oIl :J d (du)du dx —Idifdx
oa, vda, dx’ dx 5 day
|
d & 09\~ 00,
= a — a 'dx —() a.g,)fdx
!dak@.dx)(z ) !dk(; 91

SIT™® = 0: Variational principle or Principle of Virtual Work

SITRR = (= j%{ddid —ju“fdx)
_j_s_d —ISu“fdx_ld&; dd“X j5u“fdx

0

=i5a (Zm:jdgk dg — dxa, —jgk fdx)
=788, (> Kya, ~F,) =0 — (58)' (Ka-F) =0
Solution Space
- uev={ulu(@=ul)=0 , j(d—”)zdx<oo}

5 dx

- v'=v : Theminimization problems yield the exact solution.
- v'cuv : The minimization problems yield an approximate solution.

Properties of K

dg; d 49, dg,
- K= ' dx =K ..
Symmetry : K;; -[dx o dx = ! = dx —dx=K;

- Positive Definiteness :

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Absolute Minimum Property of Total Potential Energy

u =u-u

| e L |
:_J'didid J' hfdxzij'd(u_u ) d(u-u )dx—j(u—ue)fdx
dx dx 5 25 dx dx

Z_I?i_?(d_?(d _I ufdx+3 jdux ddux J‘ddux d;J(dX+Iu fax

du du ' du® du® !
:‘f&&d ‘{ ‘f—xad R R

du du tdu® du® ¢ . ,d2u
:‘f&&d ‘{ 2% 6 “{

du du ! tdu® du®
:_I&&d ! 5 dx dx

=T1E +

(The equality sign holds only for u® = C)

e Weighted Residual Method

j¢kR dx = j¢k +f)dx 0 for k=1

- if ¢, =9, : Galerkin Method (elliptic System or self-adjoint system)
du“|I _J'-dgk du”

|
o] o ax dx+jgkfdx

| 2..h
d<u
nk=£¢k(—dxz +f)dx =g,

tdg, du" ' tdg, < dg,
!)‘ K » dx+_[gkfdx=—£d—xklz_l:d adx+jgkfdx

m |

_—Zjdgk dg; dxai+£gkfdx:0 for kK=L1--m — Ka=F

i=1 o

- Identical result to the Rayleigh-Ritz Method or Variational Principle

- if ¢, #9, :Petrov-Galerkin Method (hyperbolic system or non-self adjoint system)

e \Weighted Residual Method vs. Variational Principle
m =0 for k=1---m < > mda =0 Vda,

i=1

m m | d2uh I m 2 h
ZniSai :ZSaiIgi(—2+f)dx jzgag( + f)dx =
i i=1 0 o i=1l
|
f8u ( + f)dx = fdou” du” J.Suhfdx) =0 for all possible du"
0 0

Structural Analysis Lab.
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2

e Examplel: 3—‘2*:—1, u(0) = u(l) = 0
X

2
H tal - h 2
- Firsttrial : u" =a, +a,x+a,X

] 1
- Exact solution: u = - X% +=X

h

ApplyingBCs: a, =0, a,=-3, — u"=a,(-x+x?%), ddL=a3(—1+2x)
X

1 h 1
J— — 2 -_—_ —_ o [ — 2 _——
K, = (-1+2x) dx_s, Fl_'([l( X+ X7)dx = 5

O ey

1 1 1
it ey Therefore, u" =u

3

- Second Trial : u" =a, +a,x+a,x*+a,x’
Applying BCs: a, =0, a,=-a,-a, — U"=a,(-x+Xx")+a,(-x+x°)
%/_J %/_J

9 92

99, _ 140y, 992 - 143y

dx dx

1
K“:I(—1+2x)2dx:%, K,, = (—1+3x2)2dx:g
0

O Ly

Ky, = Ky, = [ (-1+2x)(—=1+3x?)dx :%

O e

1 1
F = 1 xonxdk=—, F = [L(oxx)de=—3
0 0

System Equation :

N RPW|F—
glsN| -
(BN

2
e Example2: 3—3:—nzsin nx, u(@)=u@)=0
X
- Exact Solution : u =sin nx
- Firsttrial : u" =a, +a,x+a,x

h
Applying BCs: u" =a,(-x+x%), ddL =a,(~1+2x)
X

1 1
Ky = j(—1+ 2x)%dx = 1 F = nzjsin nx~(—x+x2)dx:—ﬂ
0 3 0 n

1az =—£—>a2 :_E_ Therefore, u" :—E(—x+x2)
T

T T

u"(0.5) = 3 0055 Error = 4.5 %
T

Structural Analysis Lab.
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- Second trial : u" =a, +a,x+a,x* +a,x>

Applying BCs: a, =0, a,=-a,-a, — U"=a,(-x+x?)+a,(-x+x%)
91 92

99, _ 140y, 992 - 143y
dx dx

1 1
1 4
K,, = !(—1+ 2x)2dx = 3 Ka= !(—1+ 3x2)2dx = -

1
Ky, = Kjy = [ (~14+2x)(~1+3x*)dx = %

0

1 1
F = nzjsin X - (=X + x*)dx :—%, F, = nz'[sin X (=x+ x%)dx = —%
0 0

1 1|4 4
= Zl(a, _z

System Equation : i’ i = ’g —a, = —%,a3 =0 ?77?
2 5)®) 7%

»
- Ingeneral u"=>"a,(-x+x")
i=2

1 1/2

I(sin mx—u")?dx
0

Function Error= I

Isin 2 xdx
0

1 1/2

_[(ncoswx—(u“)’)zdx

Derivative Error=| 2 -

TCZICOSZ nxdx
0

To evaluate numerator in the error expressions, the midpoint rule with 100 subinter-

vals is employed.

- Raw Output

*xxxx  2th-order Polynomial ****x*
a 2 = -0.3819719E+01
Errors for 2th-order polynomial

Function error = 0.2009211E+01 %
Derivative error = 0.6010036E+01 %

*&%*x*  3th-order Polynomial *****
Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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a
a

2
3

13

-0.3819719E+01
0.0000000E+00

Errors for 3th-order polynomial

* kK k Kk Kk

U

DS N

Function error = 0.2009211E+01 %
Derivative error = 0.6010036E+01 %

4th-order Polynomial *****

0.4193832E+00

= -0.7065170E+01
= 0.3532585E+01

Errors for 4th-order polynomial

* ok ok Kk Kk

UV

b WN

Function error
Derivative error

0.4048880E-01 %
0.1956108E+00 %

5th-order Polynomial *****

0.4193832E+00
-0.7065170E+01

0.3532585E+01

0.7833734E-12

Errors for 5th-order polynomial

* ok ok Kk Kk

[URNURRVIER U]

o U WN

Function error
Derivative error

0.4048880E-01 %
0.1956108E+00 %

6th-order Polynomial *****

-0.1405727E-01
-0.5042448E+01
-0.5128593E+00
0.3640900E+01
-0.1213633E+01

Errors for 6th-order polynomial

* ok k Kk Kk

JURNVREORR RN

oUW N

Function error = 0.4444114E-03
Derivative error = 0.2944068E-02

%
%

7th-order Polynomial *****

= -0.1405727E-01
= -0.5042448E+01
= -0.5128593E+00
= 0.3640900E+01
= -0.1213633E+01

0.5029577E-09

Errors for 7th-order polynomial

* ok Kk kK

[URNVRE ORI

Function error = 0.4444114E-03 %
Derivative error = 0.2944068E-02 %

8th-order Polynomial *****

O ~J 0 Ul WN

0.2231430E-03
-0.5170971E+01

0.2265606E-01

0.2462766E+01

= 0.2001274E+00

-0.8751851E+00
0.2187963E+00

Errors for 8th-order polynomial

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Function error = 0.3045376E-05 %
Derivative error = 0.2548945E-04 %

*xxxx  Oth-order Polynomial ****x*

.2231387E-03
.5170971E+01
.2265578E-01
.2462767E+01
.2001259E+00
.8751837E+00
.2187955E+00
.1698185E-06

O -Joy U W

[ T | | R A (I
|

OO0 00O O

(USRI

Errors for 9th-order polynomial
Function error = 0.3045376E-05 %
Derivative error = 0.2548945E-04 %

*xx%% 10th-order Polynomial *****

-0.2313690E-05
-0.5167665E+01
-0.4905381E-03

0.2553037E+01
-0.1050486E-01
-0.5742830E+00
-0.3911908%E-01

0.1217931E+00
-0.2435856E-01

ORIV VR VR R ORI T
O WO IO U WN
L | e e | B T

=

Errors for 10th-order polynomial
Function error = 0.1289526E-07
Derivative error = 0.1450501E-06

%
%

**xx*x%x 1lth-order Polynomial *****

-0.4281311E-05
-0.5167629E+01
-0.7974500E-03

0.2554541E+01
-0.1501611E-01
-0.5656904E+00
-0.4955267E-01

0.1296181E+00
-0.2766239E-01

0.6006860E-03

OO JO U WN

ORI RV ]

o
e
o

Errors for 1llth-order polynomial
Function error = 0.2263193E-07
Derivative error = 0.2253144E-06

%
%

Structural Analysis Lab.
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Result plots
@ °
10°
102
s i
e 10"
T e N
6 O Function
10° o Derivati
evative Ny Py
108 T T T T T T T T
2 3 4 5 6 7 8 9 10 11
Order of polynomial
Variation of errors
1
0.8
0.6
3 \
o :
04 / Bxact )
2nd order \
O 4th order
021 \
0 I I I I
0 0.2 0.4 0.6 0.8 1

X-Coordinate

Plot of approximate function for different orders of polynomial

Structural Analysis Lab.
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F(X)

— Exact

T 2nd order
i O 4th order
-3 7
-4 T T T T
0 0.2 0.4 0.6 0.8 1

X-Coordinate

Plot of derivative approximate function for different orders of polynomial

e Homework 2

1. Derive TI7® for the following ODE for a beam subject to axial force P (positive for com-

pression) as well as a traverse load g. Assume homogeneous displacement BCs.

d‘w _d?w
4 + P 2
dx dx

El -q=0
2. On what condition does the principle of minimum potential energy hold for Prob. 1 ?

Discuss the physical and the mathematical meanings of the condition.

3. Approximate solutions for a fixed-fixed end beam with a uniform load by polynomials with
one unknown and two unknowns. No axial force is applied. Compare your solutions includ-
ing displacement, rotation, moment and shear force to exact solution and discuss.

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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3.2. Problems with Traction Boundary Conditions

e Problem Definition

- Differential Equation

2
dl:+f=0 O<x<l
dx
- Boundary Conditions
at x=0 u=0 or d—:'IT andat x=1 u=0 or d—u:'IT
dx dx

® Error Minimization: Error Estimator

:_I(u u )(OI2 h+f)dx+ (u u )(d—u—di)
0
1
=§(u_uh)(dix—d—“> —ﬂ@—i—%)(%——mx Tu-u )(d—i—di)o
:_I(d_“__ d_i——)d - s
e Energy Functional — Total Potential Energy
:_j( U )( UL fydxe (u— d” d“
:1 d Cuf _y" dzuh du du
:—'[(uf dx+—{u +I.dx u" i J%%d}
+— (u——
du du”

=—(Jufdx+uT‘)+ j ——dx - Iu fox — uT‘

dx
=C+II™®

e Minimization Problems

Min TIR < MinTI® <> Min TI™® w.rt. u" ev”

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Min II®®: Rayleigh-Ritz Method or Principle of Minimum Potential Energy

1% Order Necessary Condition of Minimization Problem

(=)= —dx —j—fd Xx——T

orT™® _j d du", du" du” du”
o da, dx " dx o da, da,
|

:J‘ d Zm: dg|)(zm: dgl J' Zm: )fdx_dizm:aigi-r

k -l 0

m |

:Zjd&%dxai_jgkfdx—gkﬂ ZKk,a, F, =0 for i=1--m
0

Ka=F

e JSIT™® =0: Variational Principle or Principle of Virtual Work

du” du”
SR =§(= | — ——dx— [u" fdx—u
G jdx dx j

d6u du”

jSu“ fdx— Su hf:)

i (ZIdgk 99, dxa, —J‘gkfdx—gkﬂg)

7 dx dx

=58, (> Kya, ~ F) =0 — (32)" (Ka~F) =0

i=1

e Absolute Minimum Property of Total Potential Energy by the Exact Solution
u'=u-u

J-du du"

™ dde Iu fdx—u" ‘

diu-u®)d(u-u®)
zj - o dx- j(u u®) fdx— (u — u)T\

du du

i du® du® du® du

:—J.&&d —J.ufdx—uT‘0+—.|' ™ dx Idx de+ju fdx+u°T

1 dudu tdu® du® .
=2-([dx dde J.ufdx uT‘ = WW —ut— +Iu dx+_[u fdx+uT
=;Ij3:d‘;dx J.ufdx uT], + —jdldid ju (—+f)dx+u (F——)‘

0
:1"'-dududx '[ufdx uT‘ tdu® du®

2+ dx dx o dx dx
:HE+— du®

20
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e \Weighted Residual Method

du du"] - du du du"|
m = JoRedir 0, (g =) =0 Cpa v N0 (o ="
du"  tdg, du ' du du"
= - dx + fdx+g9, (——-——
“ dx | -([dx dx !gk %4 dx)o
tdg, du '
:—IK—de+ngfdx+ng‘

m | I
= Zj'dgk 99, dxai+!gkfdx+gkﬂ;:0 for k=1---,m —» Ka=F

e \Weighted Residual vs. Variational Principle

n, =0 for k=1,---,m @ZniSai =0 for all possible 8a,
25 (- jdgk du” dx+'|.gkfdx+g T[!)

m dda, g, du”
2(] d;gk d“ dx+ j5akgkfdx+5akgkﬂ)

IdESu du”
dx dx

dx+j§u fdx+6uhT‘ SITRR =0

0
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3.3. Integrability Condition - Regularity (continuity) Requirement

|
- Integration of functions with discontinuity jf(u(x))dx 7?
-

A A
o
u+
‘L
2¢
Original function u Function with transition zone U
| |
j f(u()dx = lim j f (@(x))dx
b £ he'
ufor —I<x<—¢
+e _ —& +& + —& e e
where T = > 5 4 2“ for —e<x<e , u®=u(e), u*=u(-e)
€
u for e<x<lI

|
- Can we integrate _[udx on what condition ?
-

jﬁdx :fde+ jde+ljde
— - —£ €
u+u®

€ € u+5_u*8
udx = X+ dx=(Uu*+u®)e
[ jf > S )X =( )

Jl‘udx = Ijir!)(]‘sﬁdx+ ide+ jde) = Liir})(_fﬁdx+jfﬁdx+ U™ +u™)e)
| | —& € - €

The last integral vanishes as faras u™ and u™ are finite, and the integral becomes

.Ifudx = _Tudx+ IIudx
-1 - 0

Structural Analysis Lab.
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|
- Can we integrate _[uzdx on what condition ?

jUde = fﬁzdx+ JS.Ude+JI'Ude
- | - €

jUde:j(u Z_SU x+u ;u )zdx=(u+£—u‘8)2§+(u+8+u—8)23

juzdx = Liir})(]sﬁzdx + jUde + jUde)
| 2 - 3

- |
. H T2 =2 +e ¢ ZE +e - ZE
_Iglrﬂ)(J.u dx+Ju dx+ (u u™) 6+(u +U™°) 2)

The last integral vanishes as faras u™ and u™ are finite, and the integral becomes

Iqudx: juzdx+j[u2dx
- - 0

|
- Canwe integrate I (%)de 22
2

j(&)d—j(—)d J( e+ j(—)dx
—j(—)d e

- Ij(d—i)zdx+w;—“8)+!(‘;—i)2dx

€

du
2ax + | (—)?dx
B +£(dx)

j(d_u)zdxzﬁﬂj,(z_z)zdx‘j(_) dx +j(—) -+ fim =)

b dx £—0 2¢

Therefore, the given definite integral has a finite value if and only if u is continuous.

lim u(+e) = lim u(-¢)

e—>0

From the physical point of view, the aforementioned continuity condition represents the
compatibility condition, which states that the displacement field in a continuum should
be uniquely determined, ie, defined by single valued functions.

Structural Analysis Lab.
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|
. du .
- Can we integrate Iu d—dx on what condition ?
X
—

e do, f.do, ¢ du ¢ do
J'Iu d—l:(dx::[u d—l:(dx+_[u d—l:(dx+J;u d—l:(dx

e do € u+s_ufs u+s+ufs u+s_u*8 . _ (U+S+U7£)

L X+ dx = (U —u) 0 o
[ dx j‘( 2¢ 2 g 2
r d _ u_ _1 2 2 _ +& —s (U +U78)
[ _X B I_de I&udx—i(u (&)-u"(=¢) =™ -u")—F—

¢ du _Fodu S odo, ¢_du
U—dx=Ilim(|u—dx+ |0—dx+ |U—dx
j dx (-[ dx J; dx J; dx )

e—>0
- -

c u I u +e —¢

0 —

(U™ +u")

=|u— dx+ u—dx+ u ASL
f o I -t

—ju i dx+_|.u—dx+[u] (u)*

Therefore, the given definite integral has a unique & finite value even if u is discontinu-
ous.

e Homework 3

1. Derive TI7, T1%, TI®® for the following ODE with the homogeneous displacement BCs.
d*w
dx*

2. Prove the absolute minimum property of IT1™® derived in Prob. 1 by the exact solution.

—q:O

3. Approximate solutions for a cantilever beam subject to a uniform load (q) over the span
and a concentrate load applied at the free end by polynomials with one unknown, two un-
knowns and three unknowns. Compare your solutions including displacement, rotation,
moment and shear force to exact solution and discuss.

4. Identify the integrability condition for the following integrals, and evaluate the integrals for

the identified condition.
| 2

| 2
j(d ¥)2dx and jfﬂyg—%%
o dx dx dx

0
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3.4. The Other Side of the Principle of Virtual Work

Physical Viewpoint

If a deformable body is in equilibrium under a Q-force system and remains in equilibrium
while it is subjected a small virtual deformation, the external virtual work done by exter-
nal Q forces acting on the body is equal to the internal virtual work of deformation done

by the internal Q-stresses.
odu ;

[8u,QdS = [8ey0,dv  where  8g, =2 (—~+—)
S \

111

Mathematical Viewpoint - Continuous Problem

If A(u) =0 should hold for a given system, then the following statement should hold.
Here, u e v, and the order of A should be the same as u.

J'Su -A(u)dv=0 V duev (v:A proper Function space)

- Example : Beam problem

4
The governing equation for a beam problem : EI ((jj \:V =q
X
The expression for virtual work :
d‘w d%w _ d’w
_[ESW(EI v —q)dx=0— -!W El d?dx = _!'qudx

If dw is the displacement induced by the unit load applied load at x; , the expression
for the principle of virtual work becomes as follows.

M*M?

I El

where M* is the moment induced by the unit load applied at x; and 3(x—X;) is a

dx:I8wqu=IwS(x—xj)dx=w(xj)

Vv

delac delta function applied at x;.

Structural Analysis Lab.
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e Mathematical Viewpoint - Discrete Problem

du-A(u)=3du,-A(u)=0 Yduev (v:A proper Function space)

Fl. I/ .
() > Fll

- Example : Truss problem

Equilibrium Equations at joints

m@) , m@

D H+X'=0, D>V/+Y'=0 for i=1---n
j=1

j=1

Virtual Work Expression

n m(i) m(i)

Z((ZH'+X ysu' +(Zv +YHdv')=0
n m(i) m(i)

> ZF cos6’, + X')du’ +(ZF sin 0, +Y')dv') =0

i=1

Z(MZF; cos6) +8viZFji sin 6') =Z(Xi6ui +Y'3v')
i=1 j=1 j=1 i=1

(dv, —dv,)sin 6,

(Bv, —dv,)
(8u, —du,)cos 6, 5
2 6“1)
0

Structural Analysis Lab.
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nmb . . . . . .

> (F' cos6; (duy —8uy) + F'sin 0, (v, — v;)) =
i=1

nmb . . . .

D F'((8u} — duy) cos6; + (8v, —v;)sin 6;) =

i=1

STrial =SF I QR =3 (XU +Y'8v') = Z(X'u V')
= = = + +
i=1 ! i=1 (EAI (EAI i=1
If u force system consists of an unit load applied at k-th joint in arbitrary direction,
then
| iIi
X U¥ Y vE = |XJul cos 6 =
= (EA")
3.5. Finite Element Discretization
e Domain Discretization
de
x =0 X X, no X, =l
° -0 o o‘/c o} ®
Ul |1 UZ |2 U3 |3 U4 s In Un+1
|
SH:J'dSU au? - jféu dx—du"T |,
o dx dx
=> dou” du” Zj foundx — 5u"T ]}
e=l], dx dx e=1],
=> dou” du’ Zj fou"dx—8u"T|, =0 for all admissible Su’"
= dx dx g

e Interpolation of Displacement Field in an Element

UR L R
L e = U, X + U, X
u
NeL NeR

Structural Analysis Lab.
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uL
h
T S R R
L
dul(x) = NSsul + NFsul = (NL, Nf)(zue J =N-du,
u

X, — X X, — X X—X X—X
L _ e+l _ R _ e
Ny = = CNE =

Xe+1 - Xe Ie ) Xe+1 - Xe B Ie
e Discretized Form of Variational Statement
h L R L L
du, :dNe ueL+dNe UeR (dN ’dNe) ‘| -B.u,
dx  dx dx dx ul
h L R L
dou, dNe su L dNe su” _(dN ’dN ( j B-5u,
dx dx dx dx ~ dx “(Suf
= IdS—Ude — ijuhdx—Bu“ﬂI
=7 dx dx 0
d8u

ed —Z j (5u™)T fdx— (SuR (1T (1) - du (0)T (0))

= ZSUZJBTBdme —ZSUZINT fdx—8u"T

Ie IE

=Y Su{K.u, — > 8uiF, —8u"T =0

Compatibility Condition — Continuity Requirement
us =ul, =U°%ul =ug, =U*"

e+l

Ul
0O -1 0 - 0| ue

= =C,U , du,=C U
0O - 01 - 0flut

U n+l

Global System Equation — Global Stiffness Equation

8M1=) 8U'CIK,C,U->8U'CIF, -3U'C{T

=38U" (D _CI{K,C,)U-58U" (ZCTF ~-ClT) - KU=F

=8U"(KU-F)=0 forall admissible &U

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Rayleigh-Ritz Type Interpretation of FEM

g|+1 gn+l
Un+1
u" =g,
I h h |
I dou” du” . :I su" fdx for all admissible Su"
o dx dx 5

cdsu” du" ©l aldg, d gJ
o o ;su le dxU, =

0

5U jdgl(dglu dd92u )l +

5U jdgz (dglu dd92U )dx +5U jdgz (dgzu ddg3U3)dx+
X

8Ui_1 [ dgi—l (dgi—z U dgl -1 U| l)dX-l—SUI . I dgl -1 (dg;(l U _1 + dgl U )dX-l—

dx odx 2" gx dx
dg, d 4o ‘dg, dg, | d

5U, j TEUL U sy, j YR UM S
g, dg, |, | d “edg,, d . d

8U, [ = (U 0 8U,, [ (SR S

X:

i i+l

sU, jdg“ (dgnlu dng”Un)dx +3U, jdg“(dg“ dg;ﬂunﬂ)dm

dgn+l (dgn dgn+lU

d
n+1 dX dX n dX n+1) X

- sy 99 A9iyd9: , , 990
= U, —+oU = ~U, +——=U,,)dx
Z XJ.I ( dx i+1 dx )( dx i dx |+1)

SU; I B'BdxU,

mM

Structural Analysis Lab.
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e Finite Element Procedure
1. Governing equations in the domain, boundary conditions on the boundary.
2. Derive weak form of the G.E. and B.C. by the variational principle or equivalent.

3. Descretize the given domain and boundary with finite elements.

V=Viuviu.-.uV" | S=S'US*uU---US”
4. Assume the displacement field by shape functions and nodal values within an element.
u® =N°U°
5. Calculate the element stiffness matrix and assemble it according to the compatibility.
K®=[BDBIV, K=})K°
e .
6. Calculate the equivalent nodal force and assemble it according to the compatibility.
F*=[N"fdV+N'T|, , F=3F°
1® e
7. Apply the displacement boundary conditions and solve the stiffness equation.

8. Calculate strain, stress and reaction force.
e Example with Three Elements and Four Nodes

X =0 X, Xq

S
I

\
e
cC e x

@
U, h U, l, U,

- Shape Function Matrix

UL
0 () = NEUE + NFUP =<N;,N5>( ;j=N u
ue

NL=Xe+1_X:Xe+l_X NR= X=X, :X_Xe

) e — Xe Ie , ) Xep — Xe Ie
dNS dNF. 1

B, = (e, Tley_[1,1

e (dx dx) I [ ]

e

- Element Stiffness Matrix

Kl = j%(_i)%[—l  fdx = Il[_i —ﬂ

v, e

Structural Analysis Lab.
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- Compatibility Matrix

U, U,
L 1 0 0 O]jU L 01 0 0o)U
ul = u:; = 2 =C1U ; u2 = ué = 2 =C2U
uf) [0 1 0 0]u, uf) [0 0 1 0]u,
U4 U4
U,
L_(u)_[o 0 10U, |_
*\wf) oo o0 1]u,|
U

~

- Global Stiffness Matrix
K=>CIK,C, =C/KC, +CiK,C,+CK,C,

1 0
101}[11}[1000}110{11}{0100}
|0 0|-1 1]0 1 0 0| L|O 1|-1 1]0 0 1 O
00
00
+1{00{11}[0010}
I,[1 0f-1 1{0 0 0 1
01
1 -100 0 00 00 0 O
_1]-1 1oo+£o 1—1o+loooo
L] 0 0 0 O] I, -1 10| 1,JjO O 1 -1
0 000 0 00 00 -1 1
e
I1 Il
21111,
=I1I1|2 Iz
o 1 1.1 1
O PO O
o o -1 1
L |3 |3_

Structural Analysis Lab.
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Force Term

1 Xes1

Sl

X I

2

e+1_X
-1dx =
X — X,

H

F=)C{F, =C{F +C;F, +C;F,

30

el
10 00 00 L2
1,2
:|_10 1(1)+|_21 0(1j+|_30 0(1): 2"
210 0\t 2{0 1]\t 2|1 of\1) |k I
00 00 01 2| 2
3
2
- System Equation
i1 0 ofu’ l,
Il 1 E
B R e T R A
PR R 1, |2 2
0 _l £+£ _1 U3 I_2+I_3
L L, 1, I 2I 2
1 1 3
0 0 e .
L |3 |3— U4 2
1 du(?)
- Casel: IL=IL,=l,== u(0)=0, —==0
i=h=l=2 u©=0, =
11 0 ofu’ l,
I1 |1 E
L ofue| |hLh 2 -1 0U? (1
L Ijz- 1 IJZ: L = |2 |2 —|-1 2 -1(u®|==| 1
0 - —t— ——|u?® 2+ 2 0 -1 1ju* 3 0.5
L oL, o1 I 2I 2 '
1 1 3
0 0 -= = -
L |3 |3—U4 2
5 8 9
U,=—,U,=—, U, =—
218" 7% 18° ¢ 18
A A
Displace- Strain (or Stress)

Prof. Hae Sung Lee, http
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i C%ez:h=g=g=% u(0)=0 , u@) =0

11 0 olfU" Iy
R 2
- Z4+=  —-= 0fu? L, L
L0 I, _ 2+2 N 2 -1fu’ _11
1 1 1 1 Lo -1 2 |u?] 9l
0 -= =+= —=|ys| |2+2
L, 1,1, 2 2
1 1 3
0 0o -= = -
i N CAN
1 1
U,==,U,==
9" % 9
A A
Displace- Strain (or Stress)

3.6. Finite Difference Discretization

e Differential Equation

2
g—l:+ f=0 —D2'+f =0 whereD?isa2"-order finite difference operator.
X

Structural Analysis Lab.
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e Finite Difference Operator (Central Difference)

- Suppose u is approximated by a 2"%-order parabola ,ie, u~ax?+bx+c

U

i+1

° °
U, =al?> —bl_ +c
1 1 1 1 1
U;=c —a= (U -G+ +-U)
2 Ii—l +Ii Ii—l Ii—l Ii Ii
U,,=al”+bl +c
2
T by =2a=—2 (LU, (U 42U,
ax*| L+l L, L l.
e Finite Difference Equations for interior nodes
L, +1.
_iui—l +(L+E)Ui _lum S fi
Ii—l Ii—l Ii Ii 2

e Finite Difference Equations for Boundary Nodes with Displacement BCs
In case that a displacement BC is specified at a boundary nodes, the finite difference
equations need to be set up for only interior nodes. The BC can be applied to the finite
difference equation for the node adjacent to the boundary nodes.
- Example — Case 2

_/%(Gl_i_(l‘*'l)uz _ius = htly f
1 1, 1, 2

I, +1
—EU U, - =
IZ I2 I3 3 2

e Finite Difference Equations for Boundary Nodes with Traction BCs

In case that a traction BC is specified at a boundary nodes, a special treatment for bound-
ary condition such as ghost node is introduced.

[ O O O Q:-rrnnnn o
Xn—l X X Xn+2

- The finite difference equation at the node n+1 :

Structural Analysis Lab.
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l+1
_Iiun +(|£+Ii)un+1 _ILUMZ :% fn+1

n n n+1

- Approximation of the traction BC by the finite difference operator.

d_u zuzo_)um =U,
dXx:I In+1+|n

n+1

- Substitution of the FD traction BC into FD equations for the boundary node.

l+1
- (£+ 1 )Un + (£+ 1 )U nl — - i o fn+1
In In+1 In In+1 2

Since the location of the ghost node is arbitrary, |,,, =1, can be assumed without
loss of generality. The final equation for the boundary node becomes

_iun +£Un+1 :I_n
| | 2

n n

f

n+1

- Example —Case 1

I, +1
_/%Zﬂl"'(i"‘l)uz_lus -1l f
1 L1 1, 2

I, +1
_£U2+(£+£)U3_1U4 =275 fs
l, L, 1 I 2
1 1 |
-—U,+-U,=2f
Lo, 2

e Homework 4

1. Using the continuity requirements for beam problems (4™-order ODE) considered in
homework 2, propose suitable interpolation (shape) functions for a beam element, and de-
rive the element stiffness matrix of the beam element.

2. Derive a FDM equation for a cantilever beam subject to a concentrated load at the free
end. Propose FDM equations for all boundary conditions for beam problems using

proper ghost nodes. Discretize the beam with 5 nodes including two boundary nodes.
Do not solve the system equations.

Structural Analysis Lab.
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Chapte'r’ /.

Mu Jcmllmermonall roMems
— -—‘astlcﬁcq *r’o|:>‘ems—
< -
4_ ........ _>
<4 "~~~.. o
< & " o
-« F —
e : : >
< kS r -
< »"‘ b ”,’ L
<_ 0#.. a ““ ‘¢' _»
<_ llllll _»
—

|E OpdV = |y fgdl — |y dal
¥ T
- Lj ) p KT gy [ —udbar =[G
2y ox; ¥ %, : :
1: B, 1 et
== B gy LB p P gy L
2!. v ax, 2' o, A, 2' i, P
|( u}de—](u - i)T_;ch
V
= l| LD Bx gy — PRrlS [u-?_’-.:ff+1 }
2 ik ax; V i r isi = XJ.- ikl
B, - o
- ([ = D-ﬂ?dff—luibid?— [16TdT)
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4.1.
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Problem Definition
T=T
St
S

! u=u=0
Governing Equations and Boundary Conditions
Equilibrium Equation : V-a+b=0 inV
Constitutive Law - o=D:¢g inV

1 )
Strain-Displacement Relationship ~ : €= (Vu+(Vu)") inv

Displacement Boundary condition : u—-u=0 on S,
Traction Boundary Condition - T-T=0 on S,
Cauchy’s Relation on the Boundary : T=o-n on S

Strain Energy (Refer to pp. 244 - 246 of Theory of Elasticity by Timoshenko)

IT. :lja--c--dv g =
2

int ij 2 ij

. OU;
2 ax,. OX:

=== —+—j)cijdV <G, =0
20X, OX

Total Potential Energy

1 =1jsijcijdv ~ [ubdv - [uTds
2V \Y S

Structural Analysis Lab.
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4.2. Error Minimization
e Error Estimator : IT% = %J(ui —uM)(o!, +b,)dV +%£(ui _uM)(T =T")ds
® Least Square Error
" = %I(ui U6, — oy )V +%I(ui UMY —T)ds
v 5
. —%J(ui,j —U7)(6" — o)V +%£(ui —u")(6" — 5N, dS +%£(ui —uM)(T -TM)dS
=%Vj(ui,j —u!')(o; —oh)dV —%!(ui —u")(T -T")dS +%£(ui —u")(T -T")dS
:%J(ui,j U)o, — ah)av
-~ J @15 =u Do el

1
=EJ.(ui'i _uirji)Dijkl(uk,l —U:J)dV =11
v

e Energy Functional — Total Potential Energy

ou
=—j(———)( oy ~op)dV
_Llpau ,Jdv—lj gy - Looul o o, ~o")dV
2y ax 25 0x; " 270X
h h
_1pou dV—EJ.%D”H% _1 %(Gij —h)dV
2 ax 2\,8xj 6x, 270X
1 1¢0u)
:E A i' __J‘ |jk| _EVE(GH —G:})dV
h h
1 %o”dv—l aics”dv—l N (6, ~oh)aV
2 OX, 2y 0X; 2\,8xj
_1 %Gijdvﬂja“ haV - j—c av
2 OX, 27 OX; X;
1

=—j—ch+j dV+J'u de jucnds

]

V
:_j_cd %ja”c”dv ju,“de—jui“T‘ids
S

ij 'J

=C+HRR

Structural Analysis Lab.
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e Minimization Problems

Min TI? < MinIT"® <> Min I wrt ul ev!

e Min II®®: Rayleigh-Ritz Method or Principle of Minimum Potential Energy

Find u" ev" such that minimize T1%®

du, du
[—-Dy—av

where uev ={u|lu=00nS, ,
v dX; dx,

< o0}

- v'=v :The exact solution.
- V' cv :Anapproximate solution.

e JSII™ =0: Variational Principle or Principle of Virtual Work

ST = 5([,, ohdV - ju b,dV - ju T,dS)

_—j(ss,,cu+s 567)dV j&u b,dV — jSu“Tds

(

=2 j (3¢f Dyyen +&hDydep )dV — j Sulb.dV — j SulT.ds
\% St

—J.SSIJ DyuendV - j5u b,dV — jau“Tds

jag” ohdV - jSu b,dV - jSu“Tds 0

t

e Absolute Minimum Property of the Total Potential Energy

uih =U; _uie

_1 elondV - ju bdV — ju“Tds

2V

1 a(u —U-) a(uk — k) e e\T
== —— =D, dVv — | (u;, —u’)bdV — | (u, —u’)T.dS

2\.!. 6X- ijkl 8X| _[( i |) i I( i |) i
1 ou 1¢ou’ i auk
- 2'[ Ijk| aXI dv 2-[8X ijkl 8X __J. Dukl dV

J

1 cou? ou;
2] Dija Ikdv [ —un)bav - j(u —u)TdS
=3jaiDijk,%dv—juibidv—juiﬂd5+—jaioijklaidv
2y 0X; X, 5, 2y 0X; OX,

—(ja“ ,Jk,a”kdv jubdv ju Tds)

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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mome s

27 OX

% i

D,Jk,g‘)‘(lkdv-(jg 5,0V - jubdv ju Tds)

42 [Mop,, Mgy — ([ uto, 0V + [ufo,n,ds - [uib,dv - [uTds)
29 0, M ox '
v U2 I v T v S,

_HE+EJa_xij » ‘Z‘)‘(Ik v - (—\J/.ufcsij,jdv+§[uf'rid8—\_|/.ufbidv-§|:uffd8)

1c0u’ ou;
=Mf+>|—-D,, —dV + (| ufc; ,dV + [ubdV)
zjaxj " ox, I b J

ou’ ou;
- = j LDy, axk dv + j uf (oy,; +b;)dv
J |

—TIE +—jai Dijk,%dv
OX; oX
: : » _.ouf ouy ou;
Since Diju is positive definite, M D BN '
OX; oX,
¢ e ou’
J.ai Dy %dv =0 ifand only if Y20, Therefore
OX OX OX

v i I i

]

IT" >T1° (The equality sign holds only for u" =u, +??.)

4.3. Principle of Virtual Work

If the following inequality is valid for all real number o, the principle of virtual work holds.

MU, +av,) >TIR(U,) Wy, ev

g(a) = HRR(ui +av;)
zlj'a(ui +ay;) D. o(u, +av,
2 ijkl 8X

) gv —j(ui +av )bdV — [ (U, +av, )TdS

v i

:EJ'%D”H%deL IaVi Dija By dv + - ZJ.% Dij i dv
OX; X, OX X, 2 OX; oX,

\Y j Y, j
_j(ui +av, )bdV —j(ui +av; )T,dS

g'(c) = Jax- ,Jk,g“kdv jv dV—IviT_idSJrocI%D.. N gy

ijkl
Y j S \ j aXI

. au — ..
g'(0) = Iax'j ” Xk v - jv de—é[viTidS:O YV, v (for all admissible v, )

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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If the principle of virtual work holds, then the principle of minimum potential energy holds

because the boxed equation of the total potential energy vanishes identically. The approximate

version of the principle of virtual work is

h
[ ohav — [VibaV - [WTdS =0 for all acmissible v/
v 0%, v 5,

Equivalence to the PDE

- Exact form

[Vi (0 +b)aV = [v, (T, T)dS=0 Vv, ev - o ;+b =0, T, =T,
v S,

- Approximate form

.[Vih(c:}.j +b)dv _,[Vih(Tih ~T)S=0 Vv ev' > o;;+b#0, T #T,
v 5,

ij.]

since [v, (o}, +b)dV - [y, (T"-T)dS =0 Vv, ev .
v S,

Equivalence to the Weighted Residual Method

- Discretization : v =83, 9, , U'=a,0,

J.Saikgk(csi“j.j +b)dV = J'Baikgk(ri“ ~T)dS for possible &a, —
v S

[gi(of; +b)dV = [g, (1" -T)ds for all k
Y% S,

Uniqueness of solution

If two solutions satisfy the principle of virtual work, then

[ N gy - [vibdv - [vTds =0 for all admissible v,
v an \Y S

OX

J St

[ N 2y - [vibdv - [vTds =0 for all admissible v,
\% j \%

By subtracting two equations,

[ (ot ~62)dV =0 for all admissible v, —> o} ~o? =0
vaxj
QU Qugy o, 0w QU

- =0
ox,  oX, o  oX

Dijkl(

Structural Analysis Lab.
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Ckapte‘r’ 5

Discve{:ization

5.1. Raqleigh—@ih que Discwe’cization
5.2. l:inite J;|emer1Jc Discr’etization

5.3. J:inH:e J;lemen{: D‘r'ogramming (Linea‘r' static case)

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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5.1. Rayleigh-Ritz Type Discretization
e Approximation

uih =Cy0;, t60, +---+ G0, = Zcipgp

p=1

ox; = Pox, o

e Principle of Minimum Potential Energy
g a9 - o’
Min I1" =—_[c j’ DijCiq o —Ldv —Jcipgpbidv —é[cipngidS or . =0 forallm,r
h 0 0 0
81_[ - 1J.Sm|8rp gp Dljk| kq gq dV 1J. ip gp Dljkl6 6 gq dV
oCpe 23 oX; X 2y 70X 10X,

_J.Smigrbidv - IsmingidS

=_Iag: DkaI kq gq dV .[C IJmI aglr av - jg dV _é[gr-rmds

og a9 _
=|=D,_ . C, —dV —|g,b.dV—|gT.dS
Jaxj mjkI™~kp aX| J‘gr m Igr m

St

J'agr Dmm—chkp jg o4V —[g,T,ds

St

= KimigCp — frn =0 forallrand m

Principle of Virtual Work

[3ejoldv - jsubdv jau =0
\%
811" = [3c,, % DiuCiq idv j 8¢;,g,0,dV — j 8¢,,9,T,dS

Y i

ag a9
—alp(j pD,Jk,aqcvakq jgpb.dv jngdS)

_ acip(jﬁ Dy Brdve,, - [g,bdv —[g,Tds)=0 forall &,
% 8Xj aXI % S

K ikeCiq — i =0 forall pandi

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Matrix Form — Virtual Work Expression

U]

J.Sah-cs!“.dv
\

42

. h _h h _h h _h h _h h _h h _h h _h h _h h _h
= I(8811511 +8€,,0,, + 0853033 + 88,07, + 8,6, + 38,05 + 883,03, +08830,5 +08;,03,)dV

\

= _'.(88{115?1 + 6822522 + 6823023 + 263?20?2 + 288{136?3 + 28523623)dv
v

.
= _[(58{115?1 +88r2]20t212 + 6823023 + 6\’?20?2 + 5Y'f3623 + 5y23623)dV = Iﬁsh o"dV
v v

e Displacement

e Virtual Strain

Se),
Se,
SYTz
8'Y?s
6Y23

(3¢") =

\

jaa“ .g"dV =j8u“ b dV+j8uh -Tds
Vv S,

ggb 0 0 g, 0 O
0 g 00 g, 0-
0 0 g, 0 0 g,
odu,
axl 8Cli
odu; 5
aXZ C2i
h
odu, 5¢,
_ OXg
- h h
odu;'  0du 56, a9;
ox, O OX,
odu .\ aduy 56, a9;
OXq 0%, 0%
odu,  o8uz | | g, 9;
OX
OXy  0OX, 3

0 0]

9, O

0 9,]

=Nc

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Virtual Strain - Matrix Form

0%, X, 0%,
sy o P oo o P o I
5 0X, oX, 0X,

(8e") = Otsy = 0% X . X,
8yf2 % % 0 % % 0 % 09, 0
5y oX, OX, oX, OX X, OX

sl | o 4 99 5 G W
5v2s) | ox, o Ox X, X, X,
o 99 99, o 99 99, o 99 99,
| OXy  OX, OX;  OX, OX;  OX,
=Bdc
e Stress-strain (displacement) Relation
1 Y 0 0
1-v 1-v
h L T 0 0
Gil 1-v 1-v
GEZ vy 0 0 0
h Ga3 EQ-vV) -v 1l-v

()= V=7 o 1-2v

o, | @+v)A-2v)| 0 0 0 0

h 2(1-v)
O13 1-2v
oh 0 0 0 0 0

23 2(1-v)

0 0 o0 0 1-2v
L 2(1-v) |
=De" =DBc

e Final System Equation
[sefofdv = [8e" o"dV = 5¢” [BTDBdVe
\% \% \%
[surbdv = [su" bdv =sc™ [N"bdV
\% \Y \Y

[8u/Tds = [su" Tds =8¢ [NTTds

St St St

dC;,
oC,,
dCyy
d¢,,
d¢C,,
dCs,

d¢,,
dC,,
dCy,

€11
€22
€33
Y12
st

Y3

¢ (j BTDBdVc — j N"bdV — j N'TdS)=0 for all admissible 5c or Kc=f
v v S,

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Example

e Displacement Field
By the elementary beam solution, the displacement field of the structure is assumed as

2

X X
=g
2
&~y 0 =Dy 0 E Lyl
N = 2 3 TRE B= 0 0 ) D= 2|V 1 0
. x__X_I X2 | x2 | 1-v 0 0 1-v
6 2 PR 2
e Stiffness Matrix
r 2
ey o X klt v oo Jx=Dy o
K - J-” 22 v 1 0 0 0 dzdydx
1—\/2 X 1-v 2 2
0-ho 0 0 —I|p o =¥ X__Ix X——IX
L 2 2 12 2
i , , l-v X2 2 —v x° 2
E Lht X=D7y" +=—=(=-1X)" —/—(-IX)
peoited 1| NPT S —_ dzcye
—V 9o ;V(__b()2 ;V(——|X)2
| 2 ‘2 2 2
*h® 1-v 2 1-v 2
2__+__|5 2h ——I5 2h
:E233 2 15 @ g @
1-v 1—vg|5(2h) 1__V£|5(2h)
2 15 2 15

Structural Analysis Lab.
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e Load Term

. o -—|l2n
3
e System Equation

*h® 1-v 2 1-v 2
2— — +=—Y 2 1502n) =22 1%(2h
52 33" 215 @M g @
L-vi IV 2y 1V 2 sy

2 15 2 15

B 31-v? P_1—v2

45

"2 ER EI

e Displacement and Stress

1-v* _, x°
u= P(—-Ix
£l (2 )y
5 1 ,h,1-v? _, x> X
v=—(1+>— (- P(=— -1
( 31—v(l)) El (6 2)
P(x-I M
G><x:My:_y
I I
M
GW:VTy
5 h,1,x?
=——(=)" =(—=-xhP
Ty 6(I) I(2 )

5 1 h,l-v
P, b=—(+>—(-)>
YRV =7

Structural Analysis Lab.
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Home Work 5

1. The displacement field of a thin plate is expressed as follows.

y

z

u(x,y,z)=—%2 , V(X,y,2)=—%NZ , W=Ww(X,Y)

1) Drive the strain component using the given displacement field.
2) Assumeoc,, =0, and the plate is under plane stress condition, drive stress components.

3) Drive expressions for the total potential energy and the virtual work in case the plate is
subject to a traverse load a on the upper surface. (hint: perform analytic integration in the

direction of the thickness)

4) Drive the governing equation and all possible boundary conditions on the four edges.

2. Analyze the structure shown in the following figure under the plane stress condition by

Rayleigh-Ritz method

—3 —

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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5.2. Finite Element Discretization

e Domain Discretization

V=Vuviu---uV", I'=rtur2u...ur”

sz,“Tc“dv =j5u“Tb dv +j5u“TTdr
\ \

I

> [se"s"dv = [5u"b dv + [su"'b ds

e ye e ye e g

e The displacement field in an element

=
HZ
2

o O

= N°U°®

o o
o £ o
P

o

o o

where N;(X;)=9;.

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e The virtual strain field in an element
03U, su. N
axl Uy 8_)(1
odu, oN,
52, ox, i o
3¢ e _
22 odu, su, ON;
Se° = e | _ OX, _ OX,
Y1, 00U, + gou, du,; N, +3u,, N;
S’Yi’ﬂ 8X2 aXl 2 aX]_
3754 0B, + —66u3e ouy N, Uy, Ny
N, 0% 0% X
adus  odus | | su, N, su, N
axs axz 8X3 6X2
MNog o Ny g N, 0 [ (SuyY
0%, 0%, oX, Su
21
o M o o N o M g |4y
OX, OX, OX, 5 3
u
o o ™ o o & o o Do
_ 6X3 8X3 aX3 8U22 — BSU®
N, N, N, N, N, N, o | bu,
oX, 0% oX, OX X, OX :
N, N, N, aN, N, g Ny s
OX, 0%, OX, 0%, OX, X, 5
o N N, AN, 0N, ON, N, | Uan
i X, OX, X, OX, %, X, |\
® The stress field in an element
T vV 0 0 0
1-v 1-v
. AY \% e
it S e
o2 S 0 0 0o |
e | Ox EQL-v) 1-v 1-v €33
O = ¢ 1T v o 1-2v e
Oy, (1+ V)(l— ZV) 0 0 0 0 Y12
Ge 2(1 - V) ,Ye
13 _ 13
o 0o 0 0 L-2v g ]
23 2(1-v) Va3
o 0 0 0 0o 1=
| 2(1-v) |
=De® = DBU°

Structural Analysis Lab.
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Stiffness Equation

> 80" [BTDBAVU® - 5U°" [NTbdV - Y 85U [NTTdS =0
e Ve e Ve e s¢

38U KU - S 8U Fe =0

Compatibility Conditions
Ue=T°U , dU°=T°SU

SUTS TEKTU-8U" Y T¢'f* =0 for all admissible 5U

KU-f=0

Finite Element Procedure

1.

2.

Governing equations in the domain, boundary conditions on the boundary.

Derive weak form of the G.E. and B.C. by the variational principle or equivalent.

. Descretize the given domain and boundary with finite elements.

V=Viuviu---uV" |, S=stusS?u-.-uS"

. Assume the displacement field by shape functions and nodal values within an element.

u® =N°U*

. Calculate the element stiffness matrix and assemble it according to the computability.

K= [B'DBdV, K=Y K"
Ve e

. Calculate the equivalent nodal force and assemble it according to the computability.

f*= [N"bdV + [NTTdS , f=>f°
ve s¢ e

. Apply the displacement boundary conditions and solve the stiffness equation.

. Calculate strain, stress and reaction force.

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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5.3. Finite Element Programming (Linear static case)

e Program Structure

INPUT

- Assemble Nodal Load Vector

- Cal. of Destination ArraH PreproceSS|ng
- Cal. of Band width

&
<

A

Calculation of
Element stiffness matrix and Load Vector

Loop ovel all elements

A

Assembling E.S.M and E.L.V.

Global Stiffness Matrix

>
>
\

4 Gauss Elimination

Solve Global SM  [¢— Band solver
Decomposition, etc

and Load Vector

\ 4

Cal. Strain & Stress
Postprocessing  [«— Cal of Reaction Force
Dsiplay

e Data Structure
Control Data :
# of nodes, # of elements, # of support, # of forces applied at nodes...
- Geometry Data :
Nodal Coordinates

Element information (Type, Material Properties, Incidencies)
- Material Properties
- Boundary Condition
Traction boundary condition including forces applied at nodes
Displacement boundary condition
- Miscellaneous options

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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I Strong form

Differential Equation & Boundary Conditions

l Weak form |

Principle of Minimum Potential Energy
= j . dV — ju bdV — [ u; T,dS for all admissible u,
S

Ij ij

r'

v

Minimization of Error

1¢,0uf
n=30G

\Y

v,
OX

i i

o}, —o;;)dV for all admissible v,

I Exact Solution

J~ 65U

o, dV — [8u,b,dV — [5u, T,dS =0 for all admissible u,
\ S

Principle of Virtual Work

§

Iv (oy,; +b)dVv +J'v (T, T,)dS = 0 for all admissible v,

Weighted Residual Method (Galerkin Method)

t

l Approximate Solution

Principle of Minimum Potential Energy

M= [elohav - j u'bdV — [ufT,dS for all admissible u;
2 S

\

Rayleigh-Ritz type Discretization

o

\

88u
OX.

i

Principle of Virtual Work

dV jSu b.dV — ISu“T dS =0 for all admissible 6u

Finite Element Discretization

Principle of Minimum Potential Energy
Z(J‘g,J oidV - _fu b.dV — ju“T ds) for all admissible u;’

S

:%UT K-U-U" -f for all admissible U > K-U-f=0

Z(J-aéSu

SUT -K-U-38U" -f =0 for all admissible 8U > K-U—-f =0

Principle of Virtual Work

cjdV - [u/bdv — [5u[T,dS) =0 for all admissible du;
VE

S

Structural Analysis Lab.
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Ckaptevé

Two-Dimensional Elas’cicity
Problems

O.1. D'ane St‘r’ess
6.2. D|ane St'r’ain

6.3. Axisqmmefmq

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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6.1. Plane Stress
® Stress : G35 =0,,=0,=0

. A%
e Strain : 833=—E(811+87_2)1 Yis=0, v, =0

e Modified Stress-strain Relation

E@Q-v) \Y E
o= (g +— (€, +€35)) =— (g, +VE
11 (1+V)(1—2V)( 11 1_V( 22 T €33)) 12 (g1, 22)
E
G :1_V2 (Vey; +€5,)
_E
12 2(1+v) Y12
o) 1 v 0 |g
o’ =|cy |= slv 1 0 |e3, |=De
e -V 1-v e
Gy 0 0 T Y12

e Interpolation of Displacement

o (u® N, 0N, 0 N, 0] .
u — . — cee V2 :NU
v 0O N, 0O N, 0 N,J.

Vn
e Strain-Displacement Relation
_ ()
o NN, AN, v,
o a?,xe X X X u,
g =g, |=| — |=| 0 N, 0 N, ... 0 N, v, | =BU°®
e oy oy oy y |.
i) | aue ave| |ON, ON, ON, oON, ON, oON,
oy ax) Loy ax oy ax oy ox | Un
v

e Principle of Virtual work

[ 3elol, +9eh,0%, + dylol, tdA = [ (3u"d, +8v"b, JtdA+ [ (3u™T, +dv'T, )tdS
A A St

> [BT-D-BtdAU =3 [N" -btdA+) [N -Ttds

eAe eAe ESE

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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6.2. Plane Strain

Strain

Stress

€5 =0, 7y3=

C13 =653 =0 05 =-V(c},, +G,)

Stress-strain Relation

e

Gy

e e
o = 022
e

12

EQL-V)

0, y,=0

T @+ v)1-2v)

Interpolation of Displacement

ue_ue N,
“lve)] |0 N, O N,

Strain-Displacement Relation

ou®
OX
ov®

oy
ou® ov°

+_
oy  oOX

Principle of Virtual work

[ (3]0, +3€5,03, + Syl,ol, tdA = [ (3u"b, +3v"b, JtdA+ [ (3u"T, +3v"T, )tdS
A A St

54

1 — 0
1-v €1
A% e e
v 1 0 €,, |=De
1-2v (Y12
L 2(1-v) |
u, )
Vl
u2
0 N, 0O N, -
0 v, | =N°U
uﬂ
Vn
oN, oN, N, 4 |w
OX oX OX u,
0 a@“}'/l 0 5;2 0 52'; v, | =BUS
oN, oN, oN, oN,  oN, oN, |
|y X oy  ox oy  ox | U
v

> [BT-D-BtdAU =) [N" -btdA+> [N -Ttds

€ A

€ A°

€ ge¢

Structural Analysis Lab.
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6.3. Axisymmetry

_ou ov u ou ov

== Yz

Strain : g, =—, ¢ —, € =—4—
"o oz Y r oz or

v Yo=0,7,=0

® Stress : o,=0,=0

e Stress-strain Relation

A 2
- l1-v 1-v o8
;r Vv 1 Vv 0 gr
¢ = G, _ E(l—V) -V 1-v €, — D¢
Go | @+V)A-2v)| VY _ vV 4 0 €50
e 1-v 1-v e
Grz 1—2V er
0 0
I 2(1-v) |
e Interpolation of Displacement
u, )
Vl
e T l'12
. [u N, 0 N, O N, O -
u= | = v, | =N"U
v 0 N, 0 N, 0 N, |.
Vn
e Strain-Displacement Relation
au® N, N, N,
e are or or or v,
o 6'v_ 0 N, 0 N, 0 ON, u,
e _| & |_ Fo74 _ 01 o7 ... 07 _RLIE
€ = |7 ue N N N v, =BU
€40 v 19 2 0 n 0
Yr r . Y y
out o ON, ON;, ON, ON, ON, ON, |u,
_+_
2z or | oz or 0z or 0z or v,

e Principle of Virtual work

r=rr .7 1z

j (8e" 6" +8e" 6" +8en oh + 8y "ol )2nrdA = j (8u, +8v"b, )2nrdA + j (Bu"T. +3v"T, )2nrrdS
A A St

ZIBT .D-B2nrdAU :ZJNT -bznrdA+ZjNT - T2nrdS

e A® e e e g¢

Structural Analysis Lab.
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Lacal poaprdenates

7.1. Constant Stwﬂain Triang|e (CST) J;|ement

7.2. | soparametric l:ow"m u |ation

7.3. Bilinemﬂ |soparame’mﬂic J;|ement

7.4 l—lig|’1e‘r’ OT’AeT’ Qec{:angular J;lemenJc - Lagrange l:amilq

7.5. l—lig|’1e‘r’ OT’AGT’ Qectangulmﬂ J;Iement - Se‘r'enAipH:q l:amilq

7.6. Triangu|a‘r' |sopmﬂame{:‘r'ic J;lement

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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7.1. Constant Strain Triangle (CST) Element

A

V3
(X3, Y3) I u

— 3

— U,

(%5, Y,)

(X, Y1)

v

e Displacement Interpolation

U (X, y) =0y +o,X+oy , VE(X,Y)=0, +osX+agy

e
U (X, Yy) =Up = oy + 0, X + oY, U 1 x5 Yo
US (X, Y,) = Uy =0y + 00X, oY, —>| Uy |=[1 X, Y, | a,
U°(X3,Y3) = Uz =0ty +0,Xg +0gY, U, 1 X, VY, \a,
-1

o, 1 x5 vy u, 1 a a, a;|u

a, =11 X, VY, u, :Z b, b, b;]u,

O 1 X Y, us C, G C;|\Ug

where a; = Xiym _mej ! bi = yj —Yur G =X, _XJ
. 1 1 1
us(x,y) = Z(a1 +bx+c y)u, +ﬂ(a2 +b,x+c,y)u, +Z(a3 +b,x+c,y)u,
. 1 1 1
ve(x,y) = Z(al + b x+cy)v, +z(a2 +b,x+c,y)v, +Z(a3 + b, x+c,y)v,

e Strain Components

ou’ U,

Ay -l V.

&, ;i,xe b, 0 b, O b 07"
e e 1 u2 e
€ =g, |= — =—|0 ¢, 0 c, 0 c =BU

Y12 out  ove ¢, b C, D, C; Dy | U

- 3

ay  OX v,

e Stiffness Matrix

Ke :IBT-D-BtdAU:BT-D-BtAe
Ae

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Homework 6

- Cantilever Beam with three load cases -

Implement your own finite element program for 2-D elasticity problems using CST element.
When you build your program, consider expandability so that you can easily add other types
of elements to your program for next homeworks.

f)

A
[EEN

Discuss how to simulate two boundary conditions given in the Timoshenkos’s book
(equation(k) and (1) in page 44)

For end shear load case, solve the problem for both boundary conditions with 40
CST elements.

For other load cases, use one boundary condition of your choice with 40 CST
elements

Perform the convergence test with at least 5 different mesh layouts for the end shear
load case. Use the boundary condition of your choice.

Discuss local effects, St-Venant effect, Poisson effect stress concentration, etc.
Present suitable plots and tables of displacement and stress to justfy or clearfy your
discussions.

Comparision of your results with other solutions such as analytic solutions, one-

dimensional solutions is strongly recommended for your discussion . Assume E = 1.0,

v=0.3.

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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7.2. Isoparametric Formulation

e Interpolation of Geometry
x=N; (&)X + N, (Em)X, +---+ N (€)X, = > N, (€)X,
i=1

Y= N, )Y+ N €My, +-+ Ny Gy, = O N, G )Y,

i=1

Xl
Y1
X° N, O N, 0 N, 0]
Xe: . — 1 = 2 L m - yz :Nexe
y 0 N, 0O N, 0 N,J.
Xm
Y
=1 ll,li
Ly=0 3

Cartesian map

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Interpolation of Displacement in a Parent Element
ue
u* Z(Vej =N*(gnU°

e Derivatives of the Displacement Shape Functions

ON; _ON; ox  ON; oy ON; ) [ ox 9y |(oN,
ok, 8x8§ oy OF ot | | ot e | ox

— = -
N, N, ox aN oy [ | ANy T ax oy | N,
o axan oy on on om  omj\ %
N [ax (AN (N,
ox |_|og og| | o0& |_ 14| o8 _
N |7l ax oy %—J N, or V,N;=J"V N
oy on onj (on o
x oy |&oN, ma_Niy ON, N, ON_ || X1 %
| | _|FE VeE) | ® e E %Yy
ox oy m oN, LI\ N, 6N,  oN_ : :

><

an 81’] o1 81’] =1 81’] yi 81’] 67] an Xm ym

m>n N=N : Superparametric element
m=n N=N : Isoparametric element
m<n N=N : Subparametric element

jBT .D-BtdA = ”BT(g n)-D-B(En)t|J | dédn

-1-1

Structural Analysis Lab.
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7.3. Bilinear Isoparametric Element

J
A E=-0.5| &=0.5
4@ 3
n=0.5
" &
n=-0.5
iy )

e Shape functions in the parent coordinate system.
U(Xx(& M), Y(E:M)) = oy + 0,& +azn+a,En
V(X(E,), Y(En)) = 05 + 0eE+on+ 048N

Uy =u(Xy, Yp) =u(X(€ ), Y(Epmy)) = oy + 0,6, +ogny + o,y =y —o, —ag + oy

U, =U(Xp, Y,) =U(X(E,:M,), Y(E2Mp)) = 0y + @58, +agm, +0,E,m, =0y + 0, —a;—o,
Uy =U(X3, Y3) =U(X(E5:M3), V(€5 M3)) = 0y + 0,85 + g +a,Egny =y +a, +ag +ay,
Uy, =Uu(X,,Y,) =Uu(x(€,,m4), Y(E4iM4)) = 0y + 0,8, + 013N, +0,EM, =0y — 0, + 015 — 0L

u) 1 -1 -1 1]«
u, | [1 1 -1 -1fa,

u | (11 1 1fa,
u,) |1 -1 1 -1|a,

u® (% y) = Nut + N,u? + Ngu® + Nut o ve(x, y) = Novt + NLv2 + NGve + Nv?

N, :%(1-@)(1—11) . N, :%(1+g)(1—n) . N, =%(1+E,.)(l+n) » N, :%(1—g)(1+ n)
M\ll MNZ
/7% /vm

Structural Analysis Lab.
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7.4. Higher Order Rectangular Element - Lagrange Family

e Shape Function of m-th Order for k-th Node in One Dimension

(é - (tol)(é - az)(i B Fok—l)(a - Fsk+l)“'(£.> - Fam+1)
(&k _(tal)(ék _&2)"'(E.:k _ak—l)(&k _E.:k+1)"'(ék _ém+1)

" (1) = (n-n)M=n,)-(M=n )= Nea) - (N = N1ria)
‘ M =M M = M) (M = M)y = Nies) - (Mg = Ny

N; =N, =1"(&) %1 (n)

1(€) =

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Q9 Element

e Total number of nodes in an element : (m+1)(m+1)

e Total number of terms in m-th order polynomials : w
. - (m+1)m
e Total number of the parasitic terms : ———
® The Pascal Polynomials
1
g oo’
Complete Polynomial &3 £2n el ns
T g &mn - g™ "
l amﬂ E_,m n };nm nm+1

Parasitic Term

g™"

Structural Analysis Lab.
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7.5. Higher Order Rectangular Element - Serendipity Family

e Q8 Element

N, =2 (- €)=

N, =2 -9 )

005 _p—e

¢ N, = @-9e-m)

Ny =N =2 Ny =N

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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7.6. Triangular Isoparametric Element

e Total number of nodes on sides of a triangle element for m-th order S.F.: 3m

e Total number of terms in m-th order polynomials : W
e Total number of internal nodes : (m+2)(m+1) -3m :W
e The Pascal Polynomials
."‘1".'
& &n

& e g W

R WSTIR=S) U

e Area Coordinate System

3
4 o, constant line
Vilia: i R a; constant line
O Ag =
," — 2
1 o, constant line
A A, As
ocl:K O, A OL3=K ,  a;to,+to;=1
e Shape functions
- CST Element
N,=a, , N,=a, , N;=oa,
- LST Element
N, =a, (20, -1) N, =a,(2a, -1) N, = a,(20, —1)
N, =4o,0, N; =4a,0, N, = 40,0,

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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=[N]°(X*®)

e Interpolation of Geometry
X= z N; (o, 005, 005) % = Z Ni (o1, 0,)%;
i=1 i1
y= Z N; (o, 0y, 005)Y; = Z Ni (0, 0,)Y;
i1 i=1
Xl
Y1
X® N, o N, o N, o]
(Xe) = e = ! —~ 2 ot : ! .l y2
y 0 N, 0 N, 0 N, |J.
Xm
Y
e Interpolation of Displacement in a Parent Element
u® ~
(u®) = (VJ =[N (0'110(’2 7(13)]6 U®) =[N (al,az)]e u®)
e Derivatives of the Displacement Shape Functions

oN, N, ox +aNi oy oN.

_ ) [ [N
6%1 65 oo, 6}1 oo, Ooy |_| Ooy oy | Ox | _,
oN, _oN, ax 0N &y oN, ox 9y || oN;
oo, OX da, oy O, da, ) [ 0o, O, | Oy
6Ni OX oy - aﬁi a_ﬁn
|| 0o Doy | | oy | gl 0o
N | ¢ oy | aN | TN,
oy da, Oa, | | da, oo,
or
VN, =J'V N,
o oN, &N, N, oN, N, [ %Y
ﬁ ﬂ ZLXi Za 'yi 0 1 0 2 0 n 171
g=| 0o O | i 0a, T 00 T 00 fay Ooy | X Vo |y Ry
ox oy m AN m ON, oN, ON oN : ¢
7 z i X, z i Y, 1 2 n
oa, Oa, ~ daL, = oo, oa, Oa, oo, || X, Y
e Homework 7

Drive shape functions qubic serendipity element and triangle

element in the parent coordinate.

Prof. Hae Sung Lee, http://strana.
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Cl\apte*r@

N umerical ‘ ntegration

Mﬂm”””“Mm

8.1 @auss Qua&rature Qu|e

8.2. QeA uced | ntegration

8.3, Spurious Zero J;nergq moole

8.4. Selective |n1:egT’aJcion
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8.1. Gauss Quadrature Rule

® One Dimension
[1@e~YWiE)

If the given function f (&) isa polynomial, it is possible to construct the quadrature rule

that yields the exact integration.

- f(&) isconstant: f(&)=a,
1 n
[fEde=2a,=a,>W, — n=l W,=2
1 i=1

- f(&) isfirstorder: f(§)=a,+a& One pointrule is good enough.

- f(&) issecond order: f(£)=a,+at+aE’

1 n n n
'[ f (&)dé = %az + 2a0 =a, zwlilz + aleiia + aOZWi -
-1 i=1 i=1 i=1

D WE? :%, znlwigi =0, znlwi =2 > n=2
i=1

i=1 i=1

Z\Nu‘tml =0->W, =W, , § =-¢,
i=1
1

2

2
Z\nglz :\Nlif +W2é§ = sz‘t:; :g - Wzég =§
i=1

2
DWW =W, +W, =2W, =2 —> W, =1 - &, =+/1/3=05773502691 89626

i=1

- f(&) isthirdorder: f(&)=a,+at+a,t’+at® Two point rule is enough.
- f(&) isfourthorder: f(&)=a,+at+at’+at’+at’

i 2_ 2

J'lf(g)dé=ga4 +35 2 +28 =

A, S WES +a, Y WE +a, Y WE +2, Y WE, +a, YW,

i=1 i=1 i=1 i=1 i=1

SWE =2 YWE =0, 3 W =2, YW, =0, YW, =2 > n=3

i=1 i=1 i=1 i=1 i=1

Z\Nugus =0, Z\N.&u =0-> W =W, , § =-&, =0

i=1 i=1
1

3

2
ZVV,FD:‘ :Wﬁt}i +W3Z:,g = 2W3E.~g = g - W3<‘i§ = g
i=1

Structural Analysis Lab.
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2 1 —— 5
VV.i.z =W1§f +W3§§=2W3§§=§ - W3i§=§—>§3= 3/5, W3: 5

2
i-1
&, =0.77459 66692 41483 , W, = 055555 55555 55555

Zzl:vvi =W, +W, +W, =2W, +W, =2 — W, :g = 0.88888 88388 88888

- Because of the symmetry condition, we need to decide only n unknowns for n-points
G.Q..

- We can integrate 2n-1-th polynomials exactly with n-points G.Q. Since for 2m-th or-
der polynomials we have 2m conditions for G.Q. -which means we can determine
(m+1)-point G.Q..

- Stiffness Equation

jBT .D-BdV :jBT .D - BAdx :Jl'BT(a)-D-|3(<3)A|J|o|§:Zn:vviBT(ai)-Di ‘B(&)AJ)|
INT -bdVv =INT -bAdx =INT(é)-b(é)AIJId& = _Zn:VViNT(&i)-b(&i)AiIJiI

e Two-dimensional Case — Rectangular Elements

- Quadrature rule

[ @Emden~ [ W Emd=2W, Wi (En) =S wWw,fEn)

141 1i=1 j=1 i=1 j=1i=1

- Stiffness equation

[BT-D-BtdA= [ [B (&,m)-D-B(&m)t|J | dedn
=Zn:iWinBT(ipm)'Du 'B(ii,m)tu |‘]ij |

i=1 j=1

11 n m
[NT-btdA= [ [NT(&n)-bt|J |dedn =D D WW,NT(&.n;)-byt; ;]
A® -1-1 i=1 j=1

1

[NT-Ttds = [NT(gm,)- Tt| K [de =D WNT(&,,m,)- Tyt; | K, |
s¢ -1 i=1

e Two-dimensional Case — Triangular Elements
11-04

[BT-D-BtdA= [ [B" (0, 0,)- D-B(o;,01,)t | J | dot,dar,
A® 0 0

N i i
ZEZWiBT (0, 05) - Dy - Blag, 05t [ ;|
i1

Structural Analysis Lab.
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8.2. Reduced Integration

e Q8element
u=a,+a,&+an+ a3‘t:2 +a,En+ asﬂ2 + ae‘izn + a7§n2

v=b, +b&+b,n+ bsaz +b,En+ bsnz + bﬁ‘:zn +b7§112

u_ a, +2a.t+a,n+2ain+an’ % =b, +2b,&+b,n+2b,En+b.n’

%J] =a, +a,5+2an+a,E” +2a,En , % =h, +b,&+2b;n+beE* +2b,EN

e Terms in stiffness matrix

- From complete polynomials: 1,&,7m,&%,&n,n°
- From parasitic terms: £°n ,&n°,n*,£%,6"n°, % ,&n° 0", &*

e Reduced Integration
Reduce the integration order by one to eliminate the effect of parasitic terms in the stiffness

matrix

Load 0.24 per unit L

EBEBIBEBESE!

Pt

2

o

40 "
L 2 X 2 Gauss points

o

: §

|
i

40 H

|
I
!
|
I
i
! i
R !
1 ]
201~ Exact average ; {

1 {

-

1
1
1
]
|
1
ol —
1
!
1
+
]

p
s Nodal values extrapolated

"‘shee}r stre?s . ) | from Gauss poin
[ .
10F Jl.r----—lll— i'l. —- f A\"—,L R Qe
e >
H T b I Fd b [
\ | \ / \ / {
l‘ 1 A !f \-, : n!l
10 ] N/ Gauss point value by the
v/ ~ reduced integration
\
\
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8.3. Spurious Zero Energy mode

e Independent Displacement Modes of a Bilinear Element

Rigid Body motion — zero energy mode

l

e
4 3
I I I r=——-——- 1
b | E I
1 . | | I
S I ? | I 4 :
I
1 1 I 1
L J 2 L | Lo J
- -
i 1 i !
I I |
| |
i 3 | 7
t i [ I
| 1 | |
[ | [ J

e Spurious Zero Energy Mode

L] [ ]
L
u |
AR

[

i
o) f}/ fo) (e
3

- Hour glass mode

"

WA
[\ ]

Structural Analysis Lab.
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e Zero Energy mode of Q8 Element

e Zero Energy Modes of Q9 Element

e Near Zero Energy Modes

B

iy -

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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8.4. Selective Integration

A 0 0 0
1-v 1-v
v v 0 0 0
1-v 1-v
A A | 0 0 0
EQ-v) |1-v 1-v
= 1-2v
1+v)1-2v)| 0 0 0 0
2(1-v)
0O 0 0 0 1-2v 0
2(1-v)
0 0 0 0 0 1-2v
| 2(1-v) |
- . . _
11—\/1—\/000 [0 00 0 0 0]
Y1 Y 000 0 00O0O0ODO
_Ee-vw) |, MY ,_E (000000
va-2v)[1y v + 29 0% 2avo 001 0 0
0 0 0 0 0O 000O0OT10O0
0 0 0 0 0O 000O0O0 1
0 0 0 00 0] ) '

=D, +D;

[B'DBAV = [B"(D, +D;)BdV = [B'D,BdV + [B'D,BdV
Ve Ve Ve Ve

Fullintegratio Reduced integratim

e Homework 8

Solve the cantilever beam problem in homework 6 for the end shear load case. Use 40 LST
elements and 20 Q8 elements. For Q8 element, try the full and the reduced integration
scheme. Compare your results including the displacement field and the stress field with those
by CST elements and analytical solution.

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Ckapte"ﬂ 1O
Misce”aneous To ICs
P

T
\O O)' \O o’
° o |0 o\.I
\O O)' N o O)'
0 o | 0 0
r4 R4 N

10.1 Stress Lvaluation, Smoothing and |_oubignac |teration
10.2. |ncompatible lement - (6 and QM 6

10.3.  Static Condensation &+ Substructuring

10.4.  Symmetry of Structure

10.5.  Constraints in Discrete Problems

10.0. Cons{:‘r'aints in Continuous DT’ouems

Structural Analysis Lab.
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10.1. Stress Evaluation, Smoothing and Loubignac Iteration

e Stress evaluation

- Stress components should be evaluated at the GP’s in each element, not at nodes.

- The stress field is not uniquely determined on inter-element boundaries.

e Stress smoothing at nodes

- Continuous stress field can be obtained by extrapolating stresses at the GP’s to nodes,

and averaging them.

- The bilinear shape function or the Q9 shape function may be utilized for extrapola-
tion of stress to nodes depending on the integration schemes.

- Mid-side nodes may be treated as either independent nodes or dependent nodes for

the stress field

\O O)' \O o
/° o | ° O\-.
w o O)' Y o O)'
0 o | o o
re R4 N

e Loubignac iteration

> [B'DBAVU® =3 [NbdV + " [N'Tdr = F

e ye e ye el-te

> [BDBAVU® =} [BTodV =3 [B"(G+Ac)dV = )" [B'GdV + ) [B'DBAVAU*

e ye e ye e e
> [BTDBAVAU* =F -3 [BTGdV — KAU® = AF
e e e e

where o denotes the extrapolated and averaged stress field.

e ye

e ye

Structural Analysis Lab.
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10.2. Incompatible Element - Q6

Deformed shape of Bilinear Element

for pure bending Correct deformed shape in pure bending

e Behaviors of Bilinear Element for Pure Bending
- Displacement field

U=0; (-9 ~05 @+~ +T ;@+@+m-u;A-E(L+m) =T &

v=0
- Strain & Stress field

ou u_uay ou au 8v ux
8X:—:n_—_;8y=_=07YXy
OX a ab oy ay ax "~ ab
E 0y __VE 0y B ux

Oy = 2 n Oy = Oy = AR
1-v© ab 1-v?ab’ 2(1+v) ab

-Strain Energy - Full Integration

2

1ab
:5”( (O, 8,0, +7,,5,, )dydx
-a-b
1%% E
== =2)?)dyd
ZL{,&V 4oy ) Y
1 E
31

(25 + (1— V) E)Uz

-Strain Energy - Selective Integration
1 ab E ay
274 1-v*"ab 2(1+ v) a
_2 E b 02
"31-12a

(—) )dydx

Structural Analysis Lab.
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e Real Behaviors for Pure Bending
- Strain & Stress field
c, =ky, o, =0, O =0

k kv
gx:Eyv gyZ_Eyi YXyZO

- Displacement field
k 1 kv k , ,
u=2x+ f(y) , v=—EEy2+g(X) Y =X fr(y)+9'(x)=0

g'(x)+%x=—f’(y)=c ,g(x)=—%éx2+0x+c1 , f(y)=-Cy+C,

u:%xy—Cy+C2 ,v:—%kEVyz—%Ex2+Cx+C1
Xx=0->u=-Cy+C,=0->C=C,=0
x=a,y:b—>u:U—>k=E
ab
C, = Arbitrary
u—ixy
ab
\,=_1@y2_EEXZJrc:l=(1_(§)2)‘r’l_UJr(l—(X)z)bv—U (in casev(a,b) =0)
2 ab 2 ab a '2b b” * 2a

-Strain Energy — Exact Solution

1% 15,0y 20b
I, :EH(SXGX +£,0, +nycxy)dydx=EIaJ;E(£) dde=§EgU

—a-b
e Ratio of strain Energy for v=0.3

I, 1 1-v a, a,,, I 1
—b — 1+ —(3)%) ~1.11+0.35(5)?) , =
( > (b)) ( (b)) M, 1-v?

5 ~1.1
I, 1-v

The effect of parasitic shear becomes disastrous as the aspect ratio of bilinear element is large.

e Q6 Incompatible Element

- Shape function
u= Z NiBui +a1(1_&2) +a,(1- nz)

V= z NiBVi +a3(1—§2)+a4(1—112)

ay, ay, a, ay are called as the “nodeless degrees of freedom”.

Structural Analysis Lab.
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- Element Stiffnes Equation
s
[Km K} @/ \(f)
- Static Condensation

[KpJ(u) +[K;1(8) = ()" — () =[K 1 () = [K;,1(u))
(K]~ [KG KT TR D) = (F)° = [KG T (F) = [K°1(u) = (£°)

10.3. Static Condensation & Substructuring

e Static Condensation: Eliminate some DOFs prior to a main analysis.

Ur, PI’

Kee Ker Ue _ Pe
Kre Krr u, - Pr

Kerur + Keeue = Pe - ue = (Kee)il(Pe - Kerur)

Krrur + Kreue = I:)r

I<rrur + Kre(Kee)_l(Pe - Kerur) = Pr
(Krr B Kre(Kee)_lKer)ur = I:)r B Kl‘e(Kee)_lpe

- From Gauss elimination point of view

Kee Ker u, _ Pe
0 Krr_Kre(Kee)_lKer u, - Pr_Kre(Kee)_lPe

Structural Analysis Lab.
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e Substructuring

% '\\
Uy, Pl/ Uz, P

Ui, Pj

)

(Kili - Kil(Kll)il Ky, = P — Kil(Kll)il P,

o))

(Kizi - KiZ(KZZ)ilKZi)ui = Pi2 - Kiz(K22)71P2

- Substructure 1

- Substructure 2

- Assembling
(Kili + Kizi - Kil(Kll)_l Kli - Ki2(K22)_1K2i)ui = Pil + Pi2 - Kil(Kll)_l Pl - Kiz(Kzz)_l P2

or

(Kili + Kizi - Kil(Kll)il Ky — KiZ(KZZ)ilKZi)ui =P - Kil(Kll)il P - Kiz(Kzz)il P,

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Partial Substructuring

80

Uy, Py ———»

D u21 PZ

- Substructure 1

e

Pl
P-l

(Kili - Kil(Kll)il Ky, = Pil - Kil(Kll)il P,

- Substructure 2

P

Kzz K2i u, _
KiZ Ki2i+Kili_Ki1(Kll)_1K1i uU;

- Assembling

PZ

;)

P'l + P'2 - Kil(Kll)_l PJ

Pi

Structural Analysis Lab.
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10.4. Symmetry of Structure

e Symmetry

.
“‘
.
K
.
K
o
.
B
.
K
R
~
. o
. K
R
. .
N .
. .
.
.. et £
LIy aest ]
"tasmumns®
o

In plane displacement =0

Out of plane displacement =0

Structural Analysis Lab.
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e Anti-Symmetry

In plane displacement =0

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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- General loading

P

Symmetric structures with Non-Symmetric loading

~
E s

Symmetric loading

P/2

|

e

P/2

e

2
s =

Antisymmetric loading

P/2

e

P/2

i

-
i e

o

R

Structural Analysis Lab.
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e Cyclic Symmetry

Structural Analysis Lab.
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Structural Resistance force in a segment

I:l Kll I'<1i K12 ul
Fi=Ky Ki Kjlu
FZ K21 KZi K22 l'12
- Compatibility
u,=TIu,
u, 0TI
ui
u, [=|1 0( )
u2
u, 0 1
- Equilibrium

Ky Kyl|l0 |

- Final Equation
P- 0 | 0 Kli K11F+ K12 u.
L= T Kii Kilr + Ki2 I
P, r ol u,
I‘<2i I‘<211—‘+ K22

KII Kilr+Ki2
B 1ﬂTI‘(li + K2i

Prof. Hae Sung Lee, http://strana.snu.ac.kr

ui
MK, C+TTK, + K, T+ sz(uzj
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10.5. Constraints in Discrete Problems

e Minimization Problem
Min IT = % U'KU-U'P subjectto A(U)=0

U= U f K = K ff K fr P— I:)f
U 1 Krf Krr Pr

r

e 1°order Optimality condition
o _ 0 > KU-P=0
ouU
e Usual homogenous support conditions
U, =0

I\{IJinH:%UTfoUf ~U'P, >K,U, =P,

Non-homogenous support conditions (support Settlement)

U, =U,

r

H:%(UTfofo +UIKrfo +UTforUr +UIKrrUr)_UTfPf _UIPr

~luik,u, +2UTK T, +U'K,.U,)-UP, ~U'P,

Min IT = Min TT — K U, +K, U, -P, =0

KiU; =P _KfrUr

or
8H=8—HSU= o dU, Jra—HESUr _ ol U, =0—> an =0
ouU au ou, au U,
e General Non-homogenous Linear Constraints
ndof
i=1,...,ncon

AU)=RU-r,=0-> > ru,=r, ,
j=1

RU=R,U, +R,U, =r, >U, =-R'R,U, +R;'r, =CU, +C,

o5 ekl

Structural Analysis Lab.
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H:%UTKU—UTP

=%u£[Kﬁ +K,C+C'K, +C'K, C]U,

+ UTf (KfrCO +CTKrrC0)+%CgKrrCO - UTf (Pf +CTPr)
[Kg +KfrC+CTKrf +CTKrrC]Uf = (P; +CTPr)_(KfrCO +CTKrrCO)

e Lagrange Multiplier

Min TT = S UTKU - UP+xT(Ru—r)—>a—H_o Ay
U2 ouU oA

M _ku-pam MY _y_piar=0 .

W A
M _ A(U)=RU-T, =0 R0

o

Fo

KU-P+R"A=05>U=K*(P-R"A)
RU-r,=RK*(P-R"A)-r,=0>A=(RK'R")(RK'P-r,)

U=K*(P-RT(RK'R")*(RK'P-r,))
=(K'-K*'R"(RK'RT)"RK™)P+K*RT(RK'R")™r,

10.6. Constraints in Continuous Problems
e Lagrange Multiplier

Min IT subjectto A(u)=0

where IT is the original functional derived from the minimization principle or equivalent,

and A(u)=0 denotes an additional set of constraints, which may be defined in some

volume, on some surface, or at some points. For the simplicity of derivation, only con-
straints specified along a surface is considered in this note.
A(u)=Lu-r,=0 onS

Min TI(u;, A) = TI(u) + j A(Lu—r,)dS

Uj A

—jg,, ondV - ju b,dV — jquS+jx(Lu—r0)ds
S

Structural Analysis Lab.
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By discretizing A =NA® in an element and the displacement field in usual way,

T(u;, 2) z%UTKU —UTf+ Y (A°)T [NTLNASU® - > (A°)" [NTr,ds
e S, e s,

:%UTKU —UTf+ AT [NTLNdSU - AT [NTr,ds
SE

SE
=%UTKU—UTf +ATRU-ATq
Therefore, the stationary condition for modified energy functional becomes

or

_ _ TA —
E—KU f+R'A=0 . K RT U B f
orl R 0[\A) (q

=RU-q=0
OA q

The solution procedure from this point is exactly the same as that of discrete problems.

The last and the most important question is what kind of interpolation function has to be

employed for the Lagrange multiplier.

e Penalty Function

Min TT(u) = I1(u) + % [AT (u)- A(u)ds

171

[etohdv —[ubdv - [urTds +%I(Lu —15)" (Lu—r,)ds
vV \ St S

e e

~ZU'KU-U"f +%(UTKRU—2UTq+C)

Min ﬁ(u)->‘2-ﬁ=0->(K+aKR)U=f+aq

Prof. Hae Sung Lee, http://strana.snu.ac.kr

UTKU-UTf + %Z{(UQ)T [(LN)TLNdSU® - 2(U°)" [ (LN 1,dS + [ 1] r,dS}
e Se S S
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Ckapte“r’ |

Doblems with l—ligl\er
Continuitq IQequhoemenJc

—Beams—
V4 = 77

.1, C‘ l:ormulation
1.2, CO l:ormuation
.3, Timosl'wenlio Beam

Structural Analysis Lab.
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11.1. C-Formulation

e Governing Equation

d*w
El ™ =(

e \Weak Form of the governing equation

(e

0

dw] d*w| | rd%_ d*w

WEI o ——E j v dx Ivqux 0
0 0 0

I 42.A 424 2

_[d W GM‘I _)Id W _. d°w

’ dx2 0 dx®

e Continuity Requirement
The second derivative of the displacement field has to be piecewise-continuous for the valid

finite element formulation. Therefore, w has to be continuous up to the first derivatives.

2
R dw d\;le
> dx?  dx? eIedx dx

e Hermitian Shape Functions

w=N,w, + N,0, + N,w. + N,0,

where w, =w(0), 6, _aw yw, =w(l,), 6, _aw
x=0 dXx:l
X2 X3 XZ X3
N1:1—3|—2+2|—3 , N2:x—2—+|2
2 3 2 3
N, =35 2% N =X

2 3
Ie Ie Ie e

Structural Analysis Lab.
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11.2. C’-Formulation

NEUTRAL alis T NEUTRAL XIS

TTT——_ _ MORMAL O MIDSUREACE—
| AFTER DEFORMATION i

[a] THIN BEAM THECRY [B) THICK BEAM THEORY

e Energy Consideration

w: total deflection, O: rotation , z—w —0: shear deformation
X

1,:d0_, do '
n=§(£d—XE| —dx + j(——e)GAO(——e)dx)—iwqu

dx
W= ZN, w,, 6= N6,
_>Ae=[W1 0, w, 0, - w 9n]T
dN dN dN
— —9,=[0 —> 0 Z... 0 —/J(A®)=B,,A°
dx Z [ dx dx dx]( )=Bu
Z ZNG_[% -N, an, -N, - N, _Nn]Ae:BsAe

: dx dx
w=[N, 0 N, 0--- N, O0]A°

n

dx

I I, I,
=%Z(AE)T (|BuEIB dx+ [B, GAB d)A" - > (A°)" [[N]qdx
e 0 0 € 0
1 e e e e e e
=EZ(A )T(KY + KA =D (A°)'f
1 T Tge 1 T Tge
:EA (KM +KS)A—A f :EA KA-A'f

M _ A _fe=0
oA

Structural Analysis Lab.
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Problems —Functions Space Interlocking

IT _(J'de de GA0|

j(——e)(——e)dx)—igdx

El dx dx El
2 2
GAOI bx I— for retangular beam .
El (1+ V) t?

As)\ — w©, j(— - 6)(— -0)dx >0 or ((jj_x =0 to keep the total potential energy

finite.  This condition may be satisfied in case the entire, exact function spaces for w and
0 are used. For the finite element method, the energy expression is expressed as
do do GA? 12 ¢ 1 dw 1 dw w(Q
== —— ———0)(——-06)dg) -1 d
qugdg =g j(le G g ~99) Zj 2

To keep the energy expression finite as t — 0, there are two alternatives:

1)I° ~t,2) ?j_w =0. The first condition requires a fine mesh layout because the element
X

size should be almost the same as the thickness of beam. The second condition requires
the derivative of displacement field have to be exactly the same as the rotation flied,
which is very difficult to satisfy. For example, both the displacement and the rotation

field are interpolated by linear shape functions, ie, w=a¢+b,0=c+d. The second
condition becomes a=c£+d for all 0<&<1, which is equivalent to c=0 and

a=d. Therefore, the rotation field should be constant within an element. This condi-

tion can be satisfied only when the rotation field is constant for the entire beam because

of the continuity requirement of @ <C°, which allows only rigid body rotation of the
beam, and yields a meaningless solution. In case you try to analyze beams or plates,
do not use linear shape functions, which merely results in meaningless solutions.
The aforementioned difficulty may be avoided by using higher order shape functions.
In case shape functions of the same order for both fields are employed, the highest order
term of the rotation field should always vanish, and the function space for the rotation
fields is always a subspace of the displacement field. Since, however, the rotation and
the displacement field are totally independent fields as shown in the next section, the so-
lution space of the rotation field has to be defined independently, and thus the aforemen-
tioned function space constraint yields sub-optimal convergence and unfavorable results.
Be always very careful when you use C'-formulation for the analysis of beams or

plates.

Structural Analysis Lab.
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11.3. Timoshenko Beam

Governing Equation

d GAO(——G) 0 de do,
Week Form
d W de &Vowe v,
jae(El GA)(——G))dx SOEI 320 £d86E|$dx ISEIBA)(——G)dx 0
ja (GA)(dW d9)+ p)dx = SWGA) jdﬂ"epb(——e)dx+lj5wpdx=o
;
j@a@d j(ds—w—se)epb(——e)d —86EI39 + W GA)(——O) +j5wpdx

Vd0ev, &Vowev,,

By assuming homogeneous boundary conditions,

| |
j 900, —d j (dS—W—SG)GAO (——e)dx = j Swpdx V80 e v, & Vowe v,
0

0
Boundary Conditions

do dw
0=0or El—=0o0or w=0 or GA,(—-0)=0
dx AO(dx )

Elimination of the displacement — Beginning of Nightmare
Differentiation of the first equation and substitution of the second equation into the first

equation

d%0
El-5+P=0 (Oh, My God !t}

Unfortunately, we have an odd order differential equation, which does not have the min-

imum characteristics, and thus is very difficult to solve. At this point, we have to con-
sider the Petrov-Galerkin method seriously !!!

Structural Analysis Lab.
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Cl\apte*ﬂ 12

M xed 1—ormulation

Structural Analysis Lab.
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e \What is the mixed formulation??? - Definition

Stress or strain fields are treated and interpolated independently!!!

e Governing Equations and Boundary Conditions

Equilibrium Equation : V-o+b=0 inV
Constitutive Law : 6=D:¢ inV
Strain-Displacement Relationship  : €= 1 (Vu+(Vu)") inv
Displacement Boundary condition : u—-u=0 on S,
Traction Boundary Condition - T-T=0 on S,
Cauchy’s Relation on the Boundary : T=0o-n on S

e \Weak statement.

[, (o4 +b)AV + [ &, (e, —%(ui,j +u; AV - [ (T, -T)dS =0V 4, €v, § ev,
\Y \Y

St

_[Oi (Gij,j +b,)dVv +Iéij Diju (ey _%(Um +U;,))dV __[lji (T; _-Fi)ds =0Vl ev, g ev,
v v

St

au. . = A 1 . )
Ja—xjcijdv —\'/[ui b,dV —é[uiTidS +JgijDijkl(gk, —E(uk,I +U, )V =0 VU, ev, & ev,

au. . = ) 1 . )
IgDi,-klsk.dV — [G;b,dV - [, TdS + [ 8Dy (e =2 U+ AV =0 VU, v, & ev,
v YR Vv S, Y

e Interpolations
ue :NeUe Se :NeEe
e Finite element discretization

}:aij(jBTDNdVEe—jNdeV-[NTTdr)+
e Ve \Y

I

S(E) (INTDNdVEe —INTDBdVUe) =0 for all admissible U¢ and E®
e Ve \

TE-F , ME-QU=0 0 -Q"[V)_(-F TMIQU=F
QE=F. 0 7l m |g)Tlo)7MYE

Structural Analysis Lab.
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e Important Question
What are the admissible function spaces for the displacement field and the strain field??
Can we choose the interpolation shape functions for the displacement and the strain inde-
pendently ??  Unfortunately, the answer is “No”. In case we choose the function spac-
es arbitrarily, the solutions of the mixed formulation become very unstable, which is
caused by so called “function space interlocking”. The Babuzuka-Brezzi condition (BB
condition) states the required relationship between the individual function spaces. This

issue is out of scope for this class.
Please be very careful when you use the FEM based on the mixed formulation!!!

e Possible choices of function spaces

1. G eH', § eH’

2. 0, eH', § el

3. U €L, , g

el,

Which one do you like? Can you give a proper explanation for your choice?

Structural Analysis Lab.
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